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This book aims at providing elementary knowledge of the 
Theory of Equations and is planned to cover the syllabuses of 
the B. A. and B. Sc. (Pass and Honours) and M. A.'examinations 
of Indian Universities. In our treatment of the subject we have 
laid particular stress on the practical aspect. We hope, this will 
help the student in mastering the elements of this useful branch 
of Mathematics. Miscellaneous questions taken from Mathe¬ 
matical Tripos (M. T.) and some other university examination 
papers have been appended at the end of the book. 

In preparing this book, we have made free use of standard 
works on the subject and acknowledge with thanks the debt we 
owe to their authors. 


For any suggestions for improvement from teachers and 
students, we shall feel very grateful. 


R. B. 
H. G. 


Preface to the Second Edition 

In this edition, we have made some minor changes in the 
text of the book and corrected some answers. We have also 
added questions set in recent years in some Indian and Foreign 
Universities. It has been no small encouragement to the authors 
to note that the book has found some sale abroad. It is hoped 
that this work will continue to serve the class of students for 
whom it is meant. 


R. B. 
H.G. 
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THEORY OF EQUATIONS 

CHAPTER I 

GENERAL PROPERTIES OF EQUATIONS 

§1. A book on the Theory of Equations aims at giving 
methods for the solution of algebraic equations involving one 
unknown quantity. The student is already familiar with 
equations of the first degree and also with quadratic equations. 

The degree of an equation is the index of the highest I 
power of the unknown quantity involved in the equation when / 
it is expressed as a rational and integral function of the unknown ) 
^quantity equated to zero. 

For example, consider the equations 

(i) 2 x>+5^+6jc+8+ ~ + 4- =0; 

•V A 

(//) ** + 1 = 2 *. 

The first equation on being freed from fractions can be 
"written as 

2* 5 +5* , +6* 3 +8* 2 +4*+3=0. 

The degree of this equation is 5 ; x* being the highest 
power of the unknown quantity involved. 

The second equation on being freed from radicals can be 
put in the form : 

8*3—13* 2 +6*—1 = 0 

Therefore, the degree of the equation is 3. 

We could also put x^=y and get the degree. 

Equations of the third degree are called cubic equations, 
and equations of the fourth degree are called biquadratic equa¬ 
tions. 

The equation 

P»x r, +P 1 x n - 1 -\-p. i x n '-+ .+/>„_!*+P«=0,/?o7*0 ; 
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is the general type of an equation of the nth degree. This may be 
written shortly as 

/«(*)=<> 

where n denotes the degree of the equation. The expression on 
the left hand side of this equation is called a Polynomial of 
degree n or a Rational Integral Function of degree n or a 
quintic. 

EXERCISES—I. 


Give the degree of the following equations :— 


1. 

3x*+2x *=2x+l. 

Ans. 

3rd. 

2. 

jc s +x 4 -5x 3 =6x 2 -3.v-2+4x- 1 . 

Ans. 

6th. 

3. 

-a —s j 

X 15 +4* =3x*. 

Ans. 

5th. 

4. 

x*+x+2 x+4 3.x 

x+5 x 2 —3 x 3 - 

Ans. 

5th~ 


§2. Any value of a* which makes f n (x) vanish is called a 
root of the equation /„(*)■=0. 

Thus, 2 is a root of the equation : 

X 3 —6x 2 -fll.x—6=0, 

because for this value of x, 

JC 3 —6x 2 +1 lx—6=2 S —6.2 2 -f 11.2—6=0. 

Again, 2+y/3 is a root of the equation : 

x«-4*H-6x®--20x+5=0 t 

because for this value of x, the expression on the left side 
=(2+V3) 4 -4(2+V3r-l-6(2-l-V3) 2 -20(2 +V3)+5 or 0. 

An equation is said to be solved when all its roots are 
known. 


EXERCISES—II. 


1. Show that 4+\/3 is a root of the equation : 

x 5 -8x 4 -H3;c 3 -27;c 2 +216*-351=0. 

Further show that 4—\/3 is also a root of the same 
equation. 

2. Is 3 a root of the equation in Ex. I ? Ans. Yes. 

3. Show that 2+s/3i and 2—V3/ are roots of the equa¬ 
tion : * 3 -7* 2 -H9x-2l=0. 
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§ 3 ^ \Ye proceed to prove certain theorems concerning 
the roots of an equation. 

Theorem 1. // /.M be divisible by (x-a),thena shall 

be a root of the equation f n (x} = 0* 

Conversely, if a be a root of the equation f n (x)=O t then 
shall f n (x) be divisible by (x-a). 

Let Q(x) denote the quotient, when /,»(*) is divided by 
(x— a) and R the remainder ; so that 

/ n (x)=(x-a) Q(x)+R. 

In the first case,/„(x) is exactly divisible by {x—a) t hence 

R=0. 

Therefore, /„(x) vanishes when x=a, so that a is a root of 
• the equation / n (x)=0. 

In the second case, since a is a root of the equation 

/»(*)=o, 

we have / n (a)=(a—a)Q(a)+R-0 ; 

whence R=0. 

Hence / rt (x) is exactly divisible by {x—a). 

x/llieorein 2. In an equation with real co-efficients , imagi¬ 
nary roots occur in pairs. 

Suppose /„(x)=0 is an equation with real co-efficients and 
that it has an imaginary root a+ib, where a and b arc real 
quantities, and b is not equal to zero. 

It is required to prove that a—ib is also a root of the 
equation. 

Let / n (x) be divided by (x— a)-+b 2 . Denote the quotient 
by Q and the remainder, if any, by R_r-hR'. Then 

. / n (x)=[(x— a) 2j rb z ] Q+Rx-fR\ 

Put x=a+ib , then / n (x) vanishes, because a-\-ib is root of 

the equation/„(x)=0. 

Also (x—a) 2 +^ vanishes identically for this value ot x. 
Hence R(o-f ib)+R'=0. 
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Equating the real and imaginary parts on the two sides of 
this relation, we have 

Rfl-f R'=0 and Kb=0. 

Hence, b being not equal to zero, 

R=0 and R'=0. 

Thus f n (x) is exactly divisible by [(*—a) 2 -f-h 2 ] i.e., by 

(x—a—ib){x—a+ib). 

Hence a—ib is a root of the equation .£,(*)=0. 

Ex. Where does the argument fail if the co-efficients in 
f n {x) are not all real ? 

/ Theorem 3. In an equation with rational co-efficients surd 
J roots of the form a±y/b occur in pairs. 

Suppose /„(*)=0 is an equation with rational co-efficients 
and that it has a root a-\- y/b where a and b are rational, b is 
not a perfect square of a rational quantity and is not equal to 
zero. 

It is required to prove that a—y/b is also a root of the 
equation /*(*)=0. 

Let/„(x) be divided by [x—a) 2 —b. Denote the quotient 
by Q and the remainder, if any, by Rx-j-R'. Then 

. / n (x)=[(x— a) 2 — 6]Q+Rx+R'. 

In this identity, put x=a+y/b, then since f„(a+y/b)= 0 
and (: x-df—b vanishes identically when x=a+y/b we have 

R(a+V6)+R'=0. 

Equating the rational and irrational parts on the two sides 
of this relation, we have 

Ra-f R'=0 and RV^=0 
whence R=0 and R'=0. 

This proves that/!,(*) is exactly divisible by [(*— a) 2 —b]. 

Hence a—y/b is a root of/ n (x)=0. 

ft > Where does the argument fail if the co-efficients in 

are not all rational ? 
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Example. Solve Ihe equation 

X s —x*+8.x 2 —9x—15=0, 


one root being\/3 and another 1—2/. 

The co-efficients being all real and rational, l+2i and 
— \/3 must also be roots of the given equation. 

Hence x 5 —x*4-8x s —9x—15 must be exactly divisible by 
each of the factors ' 

(x—\/3)/ (x+V3). (x-1 + 2 /) and (x-1-20 ; 

i.e. t by the quadratic factors (x 2 —3) and (x 2 —2x4-5). 

We have in fact 

x*—x* + 8x 2 -9x-15=(x 2 —3)(x 2 —2x4-5)(x4-l) 


as may be seen on actual division. 

Now since (x 4-1) i.e., [x—( 1)1 
pression on the left side, - 
equation. 


is a factor of the ex- 
1 must be a root of the given 


EXERCISES—III. 


Solve 

1. 6x 4 -13x 3 -35x 2 -x+3=0, one root being 2-V^- 

Ans. 2±V3.-1 —3/2- 

2. x*+4x s +6;c 2 +4x+5=0, one root being i. ^ _ 2±i _ 

3. 3x j >-4x 2 +jc+88=0, one root being 2+V-7. 

Ans. 2±\/ — 7» 

4. x 4 + 2x 8 -5x 2 +6x4-2=0, one root being-2+V3. 

Ans. —2-4 -a/ 3, 1 i*. 


5 2 x 6 4-x 4 —6 X 3 —3x 2 4-4x-H2=0, one root being —1/2. 

Ans. —1/2, ±1, ±\/2- 

6 x 4 —16x*4-86x 2 — 176x4-105=0,two roots being 1 and7. 

Ans. 1,3, 5, 7. 
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§ 4. To form an equation with given roots. 

We first observe that if any quantity h be a root of the 
equation /(x)=0, then f{x) is divisible by (x—h) without a 

remainder. 

Now let a, p, y, . be the & iven r00ts * 

Then the required equation is 

c(x—a)(x—(3)(x—y).=°» 

c being a constant. 

The factors on the left hand side of the above equation 
can be multiplied together and the terms in the product arranged 
in descending powers of x. 

Example 1. Form an equation having 1,2, 3,—1,-2 
and —3 for its roots. 

The required equation is 

(x—l)(x—2)(x—3) [x ( 1)] [x— (—2)][x— (—3)J=0, 

i.e. y (x 2 —l)(x 2 —4)(x 2 —9)=0, 

or x 6 —14x 4 +49x 2 —36=0. 

Example 2. Form an eq uation of the lowest degree with 
rational co-efficients having V5-F2\/6 f° r one °f roots * 

Let x= V 5-|-2\/6. 

Squaring, we have 

x 2 =5+2v'6, or x 2 — 5—2^6. 

Therefore 

(x 2 —5) 2 =24. cr x*-10x 2 +l=0 
is the required equation. 

Alternative method. 

Since in an equation with rational co-efficients, surd roots 
occur in pairs, the two pairs of roots are : 

d= V 5+2\/6 and ±V5-2V6. 

Corresponding to these roots, we have the factors: 

(X-V5+2V6), (X+V5+2V6), 

and (x-^5^276), (*+ V5-2V6)- 
Hence the required equation is 
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(X 2_ 5 —2V6 ) (,x 2 -5+2V6)=0, 

x 1 —10.x 2 -H =0. 

I»v. 

EXERCISES—IV 

1. Form the equation whose roots are . 

W l, A i ± 6^i»3x3-P_^39x- 1 8=0. 

( ' 7) °^ 2 ’ y 5 — 15j<: s +85.v 1 —225x , -r274.x 2 —120x=0. 

(,,,) ° tas’. x‘-2(a*+* s )**+( o;! - 6! ) 4=0 - 
2 Form an equation of the lowest degree with real and 
rational co-efficients, one of .ts roots bang 

(/) V3+V— 2 i V2+V3+1*. 

Ans. (i) **—2.x 2 +25=0. 

iff) x 8 -16x 6 +88x 4 +192.x 2 -F 144=0. 

>■ s-^sssssiw- '■ !+ “ r °; “ 

4 Form . t.tkml .«»»<»■ “‘S'f:" S-V ' 

>. sr-s 

!5 -i -— 

Let /.» = PF.-+W-+W-+. 

represent the given equat.on. equation has a 

We assume the proposition that y 4 

r00t * , /• / v \_o mu st have a root real or 

Hence the equation /„(*)— u musi 

imaginary. 

Let it be denoted by a v 

Then L(x) is divisible by (x—a x )^ ____— 

-The proof of thisproposition i, too advanced to be induded here. 
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so that f n (x) = (x—ajfn-jpc), 

whereyj,-! (x) is a function of (n— 1) dimensions. 

Again, the equation f n -i(x)=0 must have a root real or 
imaginary. 

Let it be denoted by a„. 

Then/„_!(*) is divisible by (x— a 2 ), so that 

fn-i{x) = (x-Oz)f n _ 2 {x), 

where/ n _ a (x) is a function of (n—2) dimensions. 

Thus, we have 


/„(*) = (x-aj (x-a 2 )f n ^{x). 
Reasoning in this manner, we see that 

(*— 1 t h){x—a z )(x-’a 3 ) . (x—a n ) 

is a factor of f n (x). 

Let f n {x) = (x— a l )(x-a 2 )(X’-a z ) .(x-<0 Q 


* * • 


(0 


.. * nd ( x — a i)( x — a 2){x—a 3 ) . (x—a n ) are of 

tne nth degree, Q must be a constant and equal to p 0 - 


__ Now, the right hand side of this identity vanishes when 

x—&i* a 3 , . y a n . The equation f n (*)=0 has therefore n 

roots. 


Also the equation cannot have more than n roots, for if 
x has any value c different from any of the quantities a,, a it 

.then a h the factors on the right hand side of (i) are 

dmerent from zero, so that /„(x) does not vanish when x=c. 
therefore cis not a root of the equation /„(x)=0. It is not, 

however, neecessary that the quantities a v a 2 , a 3y .,o n be all 

ditterent. 


§6. We shall now present an exposition of certain con¬ 
tracted processes and prove some general theorems concerning 
polynomials. These shall be of use to us in the succeeding 
chapters. 

, § 7 - Jo find the quotient and the remainder when a 

polynomial is divided by a binomial. 

Let Q EE a 0 x n - 1 +a l x n --+a 3 x n -*+ . 
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denote the quotient and R the remainder, when the polynomial 

f„(x)= Po x" -Fax"- 1 
is divided by the binomial x—h. Then 

SSifl.+“->+*• 

Equating co-efficients of like powers of x on the two sides 
of this identity, we have 


and 


Po — a o> 

Pi=a x —a 0 n, 

p z *=a 2 —aji, 

Pn~\= a n-\ — 

p n =R-fl„- x /i 


i.e. o 0 — p 0 t 
i.e. a 1 =Pi+^o"» 
i.e. a^pz+ojt. 

i.e.a n ~ l =pn-i+ a n-2 f, > 

i.e. K=Pm-\- a n-i"- 


These equations "provide a ready ™ eans of .f 1 ‘'“'“^nt Q, 

succession the coefficients a Q , a lr a z--~ •" x n r ODer nt; ons i n the 
and the remainder R. We write the series of operations in 

following manner : 

Pot Pit Pit Pot - ,Pn-lt JPn 

aJ't 

I a 0 , a X t a *t °ot . tQn-i J_ 


In tHe first row are written the P same 

SS'^ln th T e firs s r The firs, terrn^n ^second 

Teel under% d anTaffloftln ordlr to get a This, in its 
placed unatT Pi * product is placed under p., and 

andtddhio^is 0 cfrr r ie5 on. 

with the coefficients in the quotient and also the remainder K. 
Example. Find the quotient and the remainder when 
2x*—3x*-\-2x 2 — 5x— 46 is divided by (x—2). 

The work of calculation is arranged as follows 

2+0-3+ 2- 5-46 

AJ-R4-104-24+ 38 
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Thus the quotient is 2x' 1 +4x 3 +5x 2 +l2x+19 and the 
remainder is —8. 

U Caution. Whe n any term is absent the place of its co - 
efficient is taken by a ^ero. 

EXERCISES—V 

Fmd the quotient and the remainder, when 

1. x 1 — 6.v 1 -f-3.x 3 —2x*+3 is divided by x— 1. 

Ans. a 4 — 5X 3 — 2x 3 —4x—4 ; -1. 

2* 4x‘+3x 3 —6x+2 is divided by x+5. 

Ans* x 4 —9x 3 +45x 2 —222x+1104 ; -5518. 

3. x 4 +10x 3 +39x 2 +76x+65 is divided byx+4. 

Ans. x >+ 6 x z +\ 5 x +16 ; 1. 

4. Divide 2x*—l3x z +10x— .9 by (x—2), the quotient by 
(.v—3) and the resulting quotient by (x—4). Give 
the successive quotients and remainders. Hence 
write the given expression in the form . 

(x-2)[(x-3){(x-4) Qa+RJ+RoJ+Rx. 

Solution. The process is arranged as follows :— 

2+ 0-134-10-19 

2 4- 4-4- 8—104- 0 

24- 4- 54- 0 -19=R 1 

3 _ + 6+304-75 

24-10+25 j +75=R, 

4 + 8+72 1 . 

' 2+18J +97=R 3 

The successive quotients are 

2x 3 +4x a — 5x ; 2r-+l0x+25 ; 2x+18. 

The successive remainders are : —19 ; 75 : 97. 

Hence 2x*-13x2+1 Ox-19 

== (x—2) [(x—3){(x—4)(2x+18)+97}+75]—19. 

5. Divide 5x*—3x®+x 2 +x+1 four times in succession by 
' x ~ !)• Hence write the given expression in the form 
<*i(x-iy+a 2 (x- 1 )*+ fl ,(x— 1 ) 2 +a 4 (x- l)+o 5 . 

Ans. ^ == 5 > 02=12, ^3=22, 0^=14, Q$= 5. 
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§8. In the preceding article, we have found the quotient 
and the remainder when a polynomial is divided by a binomial. 
This helps us in finding the value of a polynomial for a given 
value of the variable. 


Suppose we have to find the value of/(.x) when x=h. 

Divide f{x) by (x— h). Let Q denote the quotient and R 
the remainder ; then /(x)=(x—/i)Q+R. 

Put x=h in this identity; then/(/*) = R- 
Thus it is seen that /(//) is the remainder obtained when 
f(x) is divided by (x—h). 


follows : 


Example. Find the value of 4.x 4 — 3x 3 —Zx 2 —3 when x= —3. 
Here, we divide the given polynomial by (x+3) as 


-3 


4-3-2+ 0- 3 
-12+45-129 +387 


4—15+43 — 129 j+384 
Thus 384 is the required value. 

Ex. Find the value of x 5 —5.x 4 +10.x 3 — 10.x 2 +5.x— 1 when 
3, 2, 1,0, -1, -2, -3. 

S Ans 32, 1, 0, -1, -32, -243, -1024. 

§9. Synthetic Division. To find the quotient and the 
remainder when one polynomial is divided by another. 


Suppose we have to divide the polynomial 


A=o 0 x n +fl 1 .x n - 1 +o 2 x n_2 +. + a n> 

"by the polynomial 

B=h 0 x m +6 1 x m-1 +h 2 m_2 +. -\-b m ,. 

and get the quotient in descending powers of x to (fc + 1) terms 
and the corresponding remainder. 


Let the quotient be 

Q=tf 0 x n - m +? 1 x"- m - 1 + q 2 x n ~ m ~‘+ 
■and the corresponding remainder be 

R=r 1 x’ l-k - 1 +r 2 x T *- k_2 +/■ 3 x n - k - 3 +■ 


-\-qkX"- 


9 
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where the remainder has either (n—k) or m terms, whichever is 
more. 

Then we have A=BQ4-R. 

Comparing the co-efficients of the powers of x on the two 
sides of this identity and taking a t to be zero when t>n , we get 

a o=b Q q Q ; therefore q 0 =ajb 0 ; 

fl i=Vo+^o?i ; therefore q 1 ={a x —b x q 0 )lb 0 ; 

a t—b 2 q 0 +b x q x +b 0 q 2 ; therefore q 2 = {a z — b z q 0 —b x q x )jb 0 ; 


^-Mo+^-i?i+^-29 2 +. +b 0 q k ; 

therefore q k ={a k -b k q 0 -b k - x q x - . —b x q k - x )lb Q ; 

°k+i—f>k+iq 0 4- bkq x -f-.-f- b x q k + r x ; 

therefore r^a^—b^qo—b^— . —b x q k ; 

a k+ 2 —b k+2 q Q +b k+x q x -r .+ b 2 q k +r 2 ; 

therefore r 2 =fl fc+2 -^ t+2% _6 fc+1 ^ 1 _. -b z q k ; 

and so on, where b t — 0, when t>m. 

These equations provide us with a ready means of calcu¬ 
lating the q’ s and r’s. 

The operations are presented in the following convenient 
form :— 



°o4- a x -\- 

brio b 2 q 0 —... 
-b x q x -... 

••••4- 0*4-ff*+ 4". 

• ••• b 3 q Q bkq 0 . 

.... b k - x q x . 

b k ~«q 2 b k - x q 2 . 

b k q k -\ b z q k — x . 

-b x q k —. 

a o~\-b 0 q x +b 0 q 2 

••~\~b Q q k 

+ r i 4-. 

(leading row) I 

remainder row 

^o+9i +^2 4-.... 

•••4-<7fc 


| . (quotient row) 




The successive co-efficients a 0 , a x ,a 2 .,a n in the ‘dividend 

are written to the right of the vertical line OY. To the left, 
in column, are written the successive co-efficients b v b 
bz •••ib m in divisor with their signs changed, the co-efficient by. 
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being written further down against the ‘leading row’, with its 
proper sign. The first element from the left in the ‘leading 
row’ is the same as in the dividend viz., o 0 (=b 0 q 0 ). On 
division by b 0> this gives q 0 which is written under a Qy in the 
‘quotient row’. q 0 is multiplied in succession by —b lt —b 2 , — b 3 

. — b m and the products are written under a Xt a 2 , a 3 , .. o,„ 

in a row. The second element b 0 q x in the ‘leading row’ is 
obtained by adding the two elements a x and — b x q Q above it. 
This on division by b 0 gives q x which is the second element in the 
‘quotient row’. q x is in its turn, multiplied by — b x , —b, y —b 3l 

.. — b m in succession and the products are written under the 

elements of the previous row leaving out one element from the 
left. Adding up a 2 . —b 2 q 0 and — b x q x , we get b 0 q 2 in the 
'leading row’, giving q 2 in the ‘quotient row’. This process of 
addition, division by b 0 and multiplication by —b x , —b 2 , — b 3 ... 
— b tn is carried on until the required number of terms is 
obtained in the quotient. The last element b 0 q k in the ‘leading 
row’ is obtained by adding the elements 

Okp —b k q 0 , —b k - x q x , —b k - z q 2 . .. and —b x q k - x . 

On division by b ot this gives the last required element q k in the 

‘quotient row’. q k is multiplied by — b x , —b 2 , — b 3 .. — b m 

and the products are written under the elements of the preceding 
row leaving out one element from the left as heretofore. 
Adding up the remaining columns of numbers now, we get the 

elements in the ‘remainder row’ viz., r x , r 2 , r 3 .We give a few 

examples to illustrate the points involved in the above process. 

Example 1. Get four terms in the quotient and the 
c#rresponding remainder in the division of 4.v 3 +2.x 2 —2.v— 1 by 
( 2x 2 +3x-3. 

The process is exhibited thus : 

-3 
3 


2 

Hence the quotient is 2x— 2+5x -1 — ll.v 2 and the 
remainder is 4Sx~ l —33x~ 2 . 
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Example 2. Find the co-efficients of x -4 and x 5 in the 
quotient of/'(x) by /(x), when /(x)=x 4 +3x 2 —3x+4. 

In this example, two points require special notice. 

(i) The co-efficient of the first term in the divisor is unity. 
The elements of the ‘quotient row’ will, therefore, be identical 
with those of the ‘leading row’. The two rows may thus be 
merged into one. 

(») We require the co-efficients of x -4 and x~ s in the 
quotient. Therefore, the quotient need be calculated upto 5 
terms only. The columns beyond the fifth need not be 
exhibited, because they supply only the co-efficients in the 
remainder. 


The dividend is/ / (x)=4x 3 +6x—3. 

Now, the process of division will be arranged thus : 



4+0+ 6- 3 
+0-12+12-16 
+ 0 + 0 + 0 
+ 0+18 
_ +o 

4+0- 6+ 9+' 2 

^— ■ i ~ * 


Thus the required co-efficients are 9 and 2 respectively. 


Example 3. Find the quotient and the remainder when 
4x 7 — 2X 8 — lOx 5 —25x 4 -40x 2 +26x—21 is divided by 

2x 3 -5x 2 +2x-7. 

By the method of synthetic division 




4- 2-10-25+ 0-40+26-21 
+ 10- 4+14 

+20- 8+28 
+ 15- 6+21 
-10+ 4-14 

+30-12+42 
4+ 8+ 6- 4+12 - + 15+ 0+21 
2+ 4+ 3— 2+ 6| 


the required quotient is 2x 4 +4x 3 +3x 2 —2x+6, and the remain¬ 
der is i5x 2 +21. 
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EXERCISES VI 


1. Find the quotient and the remainder, when 

(/) 15.x 7 — 16.x 6 4- 30a: 5 — 3a 4 — 5X 3 — 2.x 2 4-5*+7 is 
divided by x 2 —x4-l ; 

(i7) 27X 1 —21x 3 4-x 2 —2x4-2 is divided by 3.x— 1 ; 
(iii) 3a: 5 — 4.x 3 —2x+5 is divided by x* l 4-x 2 —4.x—3. 

Ans. (0 \5x?—x*+\4x i +\2x 2 —lx- 21; —9x4-28. 
(«) 9x 3 —4x 2 —x—1 ; 1. 

(///) 3x 2 —3x+ll ; —14x 2 4-33x4-38. 


2. Calculate to five terms the quotient and the corres¬ 
ponding remainder, when „ „ . , 

1 (0 5x 2 —3x4-1 is divided by x 5 —3x 4 4-x 3 —x—1 ; 

(/i) x 2 4-2x4-1 is divided by x 3 4-3x 2 4-3x4-l. 

Ans. (i) 5 x- 3 4-12.x- 4 4-32x- 6 4-84x-°4-225x- 7 , 

608x-® -181 .v- 4 4-116x- 5 4- 309x"°4- 225x~ 7 . 


Iii) x~ l —x -2 4-x -3 —x -4 4-x" 5 , -x- 3 -2x" 4 -x- 6 . 


§ 10. To find the II. C. F. of two given polynomials. 

The student is already familiar with the process of finding 
the highest common factor of two polynomials. Much labour 
and space may be saved by following the abbreviated method 
employed below. 


Example 1. Find the H.C.F. of 

8x 4 4-4x 3 —18x 2 4-Hx—2 and 32x 3 4-12x 2 —36x4-11. 


The process may be arranged as follows :— 


84- 4- 184- 11- 2 

4 

324-12-364-11 
32-324- 8 

324-16- 724- 44- 8 
324-12- 364- 11 

4- 364- 33- 8 

8 

44-444-11 
44- 44-1-11 

32-2884-264-64 
324- 12- 364-11 

X 

-75) -3004-300-75 

4- 44- 1 
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The required H. C. F. is 4x 2 —4x+l. 

In the above process the coefficients have been arranged 
in two parallel columns and the quotients are placed to the 
right and left. The process of division is carried on until the 
remainder is of a lower degree than the divisor. 

Th e process is exhibited in its fullness thus : 

8x*+4a*-18x*+H*-2 
4 ____ 

32x>+ 12x 2 -36x+1 1)32 jc 4 +16.x 3 - 72* 2 + 44x-8(x 

32x 4 +12x 3 - 36x 2 + Ux _ 

' 4X 3 - 36x=+ 33x-8 

8 _ 

32X 3 — 288x 2 +264x—64(1 
32x 3 + 12x 2 — 36x+ll 

— 75)—300x 2 +300x - 75 
4x 2 -4x+l 

4x 2 -4x+ l)32x 3 +12x 2 -36x+II(8x+11 

32X 3 —32x 2 + 8x 

44x a -44x+ll 

44 x 2 -44x+11 

X 

Example 2. Find the H. C. F. of 

^5_^4-4x 2 —3x+2 and 5X 4 — 3x 2 +8x—3. 

The process is arranged as follows : 



1+0-1+ 4- 3+ 2 

5 


1 

5+0-5+20-15+10 
5+0-3+ 8- 3 

5+ 0- 3+ 8- 3 
5-30+30-25 


—2)—2+12—12+10 i 

3) 30-33+33- 3 

1 

1- 6+ 6- 5 
1- 1+ 1 

10-11 + 11- 1 1 
10-60+60-50 

5 

-5+5-5 

-5+5-5 

49) 49-49+49 
1- 1+ 1 


X 

1 


Therefore the required H. C. F. =x 2 —x+1. 
Example 3. Find the H. C. F. of 

x 5 +.x 4 —4x+2 and x 3 —2x+l. 
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The process is arranged as follows : 


1 

1+1+0+0—4+21 
1+0—2+1 ! 

1+0—2+1 
1-1 + 0 

1 

1 + 2—1—4+2 
1+0—2+1 

1-2+1 

1-1+0 

2 

2+1 —5+2 

— D— 1 + 1 


2+0—4+2 

1-1 

1 

1-1+0 i 

l-l 



X 



Therefore the required H. C. F. is x— 1. 

EXERCISES—YII 
Find the H. C. F. of 

1. 'hx*-lx n —\%x-Z and 2x 3 -3x 2 -17x-12 

Ans. x 2 —3x—4. 

2. 22x«-78x 5 —16X 2 and 2x 5 -78x 2 -44x. 

Ans. 2x(x 2 —3.v—2). 

3. 12x*a 2 +54x 3 a 3 +6x 2 n 4 —72xa 5 and 2x 6 a+15x 5 a 2 

+ 40x 4 o 3 +45x 3 a 1 + 18x 2 a 5 . Ans. ax(2x+3a). 

4. 4x 4 + llx 3 +27x 2 +17x+5 and 6x 4 + 14x a +36x*+ 14x 

+ 10. Ans. x 2 +2x+5. 

5. 4X 4 —16x 3 +108 and 6X 5 — 14X 3 —40x 2 +36. 

Ans. 2(x 2 +2x+3). 

§11. To find the value of /„(x+/i) when / n (x) is a polyno¬ 
mial of degree n. 

We have to consider in this article, the change of form 
of the polynomial f„[x) corresponding to an increase or decrease 


in the variable. 

Letf n (x)=p 0 x n +p l x’ t - 1 +p 2 x n - 2 -\ r .+Pn-iX+P«* 

Also let/ n (x+/i)EEP 0 x"+P 1 x"- 1 +P 2 x n-2 +.+P n - 1 x+P„ (0 

where the P’s have to be determined. 


Putting zero for x in (/) and its successive differential coeffi¬ 
cients with respect to x, we have 
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P — 
r "-i 2 

f' 


m, 

£M 

' 2 t ’ 

r„w 

2 ! 


p /, <r W 

r t»-f r I 


p i “ (»—l) T’ 


and 


Pn = 


/n ( "W) . 

n ! ’ 


where f n {r) {h) indicates that /„(*) has been differentiated r times 
and x is then replaced by h. We thus have 

,, , /A /» W (fc) yn, f n {n -'m _ A ,,-I . . 


/ \y ,) ■■-*'+ -+/-(/>), 


or more shortly 




r=0 ' * 

Example. If /(x)=xM- 10x 3 +39x 2 4-76x4-65, find /(a— 4). 
We have /(x)=x 4 +10x 3 +39x 2 +76x-f65, 
/'(x)=4xH30x 2 4-78x4-76, 

/ ;/ (x)=12x 2 4* 60x4-78, 

/"'(x)=24x-f 60, and/^(x)=24. 

Substituting—4 for x in these equations, we get 

p /“(-4)_ p.n-i__ 6 p 9 ^£l-il_i 5 

Po —-41 -Pi— 31 °» r a 2! 
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P,=£t^--12 and P*=/(-4)=l. 

Hence /(x— 4)=x 4 —6 x®4-15x*— 12x4-1. 

EXERCISES—VIII. 


1. If /(x) = 2x 1 —13.x 2 -r lOx—19, find the value of 
(i) J\x+\) t (ii)/(x— 1), (m)/(x+3), (iv)/(x-5). 

Ans. (/) 2x 4 4-8x 3 -x 2 -8x_20 ; 

(«) 2x 4 -8x 3 -x 2 4-28x-40 ; 

(m) 2x 4 4-24x 3 4-95x 2 4-148x4-56 ; 

(iv) 2x 4 —40x 3 +287x 2 — 860x4-856. 

2. If/(x)=x°—5x 2 —3x+2, find the value of 
(i) /(x—2), (//)/(x-3), (m)/(x+3). 

Ans. (/) x 5 —10x 4 +40.x 3 -85x 2 + 97x-44. 

(//) x 5 -15x 4 +90x 3 -275x 2 +432x-277. 

(///) x 3 4-15x 4 +90X 3 4- 265x 2 4- 372x 4-191. 



f /(x)=ox 8 4- to 5 4- cx 4- find /(x 4- /i) -/(a - /») • 

Vns. 2[8fl/«x 7 4-56fl/i 3 x & 4-5Wix‘4-56fl/i 0 x 3 

-l- 10fc/j 3 x 2 4-8a/j 7 x4-^‘ , +c/0- 


§12. The method of the previous article becomes tedious 
in practice. When the co-efficients are all numerical, the calcu¬ 
lation is best made by Horner’s process : 

Let /„(x)=p 0 x"+p 1 x n - l +/> 2 *"“ 2 +. +P»- 1 X +P- 

Suppose/„(x+/.)=P„x»+P.x’- 1 +Pzx- 2 +...+P»- +P. • 

To determine the P’s, put ( x-h) for x in this identity, 

then 

/„(x)=P o (x-/.)"+P 1 (x-70"- 1 + P f (x-A)"-=-|- : ..... 

Hence P„ is the remainder obtained by dividing /„(*) by 

U-h). 

Also the quotient resulting from division is 
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i P 0 {X—ll) n ~ 1 -\-T 1 {X —/j) n_a +P 2 (X—^) n_3 +. 

+p n . 2 (x-/i)+P«-i; 

so that P n -i is the remainder obtained by dividing this quotient 
by (x—h). The other P’s are similarly obtained by dividing the 
quotients successively by {x—h). Also P 0 =A>* 

Example. If/(x)=x 4 +10x 3 +39x 2 +76x+65, find/(x-4). 
Here, we divide f{x) successively by (x+4), thus 

1+10+39+76+65 
-4 ^- 4-24-6 0-64 

1 + 6+15+16 +1=P 4 

- 4- 8-28 

1+ 2+ 7 —12=P 3 
-4+8 
1-2" +15=P a 

- 4 

1- 6=P X . 

The successive remainders are : 1, —12, 15, —6 and 1, 
Hence /(x-4)=x , -6x 3 + l5x 2 —12x+l. 

EXERCISES IX 

1. If /(x)=2x l —13x 2 +10x—19, find the value of 
(/)/(*+1), (n)/(x+3), (m)/(x—5). 

Ans. See 1, VIII. 

3. Given/(x)=x 4 —12x 3 +17x 2 —0x+7 ; obtain 
(0/(*+3), (i7)/(x-l), («i)/(x-2). 

Ans. (i) x 4 —37X 2 —123x -110, 

(ii) x 1 —16x®+59x 2 -83x+46. 

{Hi) x 4 -20x 3 +113x 2 -253x+205. 

A Note on Binomial co-efficients. 

In many algebraic processes it will be found convenient to 
write the general polynomial of the nth degree in the form : 

" C v poX n +" + n C 2 p s x n ~ 2 +.+ n C rj p r x n_r +. 

+ n Cnp. 
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in which e*ch term is in addition to its literal co-efficient multi- 
pliedwith^henumerical co efficient of the corresponding term 
in the exDansion of (v+l)" by the Binomial Theorem. The 
(r+^)th term in the polynomial is "C,p,: and the polynom.al 

can be written shortly as 


n 


0 rt (x)=2"C r p r .x 
r=0 


n-r 


Thus, we have 

0o(*)=A>’ 

<h(x)=PoX+Pi' t 

0,(x)= Po- x + 2 Pi v 

<2> 3 (x) = Po*® + 3piX 2 + 3/>2 X + Pa> 

0 4 (X) =W 4 d-+ 6 ^2 X ' + 4/?3X +/?4 ’ 
and so on. . . 

One advantage of writing the polynomial in this formis 
that 0 n (x) is very easily differentiated and 0»(x+/») is readily 

found by the method of §15, Thus . 

A 0 n (x)= n Po x 1l ~ l +{n-\ )mx n -~+(M -2) ” ( " 2 — W"' 3 


d-.+ ”/>«- 




=nfPo*"" 1 + (»- 1 )/>i* n " 2 /VC " 3 

+. -VPn- j)» 

=n0n-i(x) ; 


0„(x) = "P^„- rW ; 


and 4^ *.(*)=»’• ■&>(*)=»'• />«■ 
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Hence 


<f>n(x+h)= 2 
r=0 


f 

r! r=o 


0„-,(A)V, 

* • 


n 


= 2 "C n -rtn-r[h)X r =2 *C r <fi r {h)X*-'. 
r =0 r=0 

0 n (x-f-ft) is thus obtained by writing 0 r (/j) for p r in the poly¬ 
nomial <fi n [x). 

Example. 

0 3 (x+/O=<56 o (/O.v 3 4-30 1 (/i)x 2 +30 2 (/i).x+0 3 (/ I ), 

=PqX 3 +3 (p 0 h +Pi)x* 4- 3 (Po/i 2 +2pi/i -t-p 2 )x 

+ (Po* 3 +3pi^ 2 + 3pjt +/>*)• 



CHAPTER II 

Relations between the Roots and Co-efficients of 

Equations. 

§ 13. If a„ a 2 , a 3 .a,, be the n roots of the equation 

PoX n +Pi x " +/V^ r. -T-Pn - U * 

then (as in § 9), we have 

p a X n +P{X r, ~ 1 +p 2 X~ 2J r ...+Pn » 

=p 0 {x—a l ){x—a 2 ){x—a :i )...(x a n ). 

Dividing both sides of this identity by p Qt we get 


Xn+i 1 X"-' + P -?X"-- + 
Po Po 


+*=- 

Po 


=(x—a 2 )(x—fl 3 ) .(x— a n ). 

The right hand side of this identity is the product of « 
factors of the type (x—a r ). Every term 

be formed by multiplying together n letters one taken trom 
each of the « factors. Thus, each term involving x” wou 

be obtained by taking x out of any (n-r) factors and ( ^ 

product'wouwttherefore^be the sum of the products of the n 

s-d' s fbr°tiie surrTof t It c°products of ’the « 
roots a„ c 2 , a, .a„ taken r at a time. 

Equating the co-efficients oflike powers of x on the two 
sides of the identity, we obtain the following relations between 
the roots and co-efficients of the given equation : 


Pi 

Po 


= — 5 != — {a x -{-a 2 -\-a Q n )* 


= S 2 = (a x a 2 4- a x a 3 +a &+...+a n - x a n ) * 

Po 

P?-= — S 3 = — (a l a 2 a 3 -{-a l a 2 a l - l ra x a 2 a i -{- .+ 

Po 
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and - n - = (— 1 ) ,l S n = (— 1 ) n a 1 a 2 fl 3 . a n . . 

Po 

In particular, when p 0 =\ we obtain 

S 1 = Pit S 2 =/?2» ^3= /?3,.>S r — ( 1 ) Pr . 

and S n =( 1 ) n Pn' 

§14. In the case of the quadratic equation : 

ax--\-bx-rC=0y 

if a, 0 be the two roots, the relations of the preceding article 
take the well known form : ' 


In the case of the cubic 

ax 2 +bx 2 +cx+d= 0, 

if a, p, y denote tlie three roots, then we have 


V: 


a+P+Y=- a P+PY+Y a =— and a PY=“- 

If a. 0, y, 5 be the four roots of the biquadratic : 

ax* + b -b ex 2 -r dx + e =0, 


we obtain the relations : 


a+P+Y+ s= “ a* 


turi^ 


a 0+aY-fa5+0Y+^+Y 5 —•“> 
a0Y+ a P S + a Y 8 +0Y S = — 

e 

and ctpYS=—. 

Example l. v Solve the equation x 3 —5* 2 —16x-f80=0, 
the sum of two of its roots being zeroi^ 
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(0 

(») 

(Hi) 


Let «, -a, p be the three roots of the given cubic, then 

s =a— a+£ = 5- 

S.,= -a 2 +a^-a[i=-l6, 

. S“= —x 2 3= —80. 

From (0, we S et 

From (frt, we obtain a=4 or —4. 

These values satisfy also the last of the three relations. 

T T . 1S 4 -4,5 are the three roots of the given equation. 

Example ^ Solve the equation ,- 12 x + 16 = 0 ; two of 

iis roots being equal. . 

Let a, a, (S be the three roots of the g.ven cubic, then. ^ 

s _ 2a+ p=0 j ft 

S,= a 2 +aP + a?=-n, 




and S 3 =a-? — — „ 

The first of the three relations gives (J - 2a. 

Substituting in the last two, we get a 2 =4 and a -8.. 

Therefore a=2, and 0 __a 

, thus the required roots are 2, 2, • 

l Ex T l px4^ri h 0, Ta"inn A-W) in OR. 

equation x 3 —P* -\-qx r v, ^ .«*—- 

an<11 '(0 UU-8, «,«+8 be the three roots. U" 

The s^ ; 

We have to eliminate a and 8 between these three relahons, 
which when simplified take the form . 


«= 4 ; 3«*-8 s =9 ; « 2 - s2 = -*• 

Subtracting the last from the second of these trelaions : 

r 


we get 2a 2 =q -—. 
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Substituting for a from the first, we get 
2p 2 3 r 

9 


— , i.e. 2]P—9pq+27r=0. 


(it) Let <°r , a, ap be the three roots of the given equation, 
P 


Then, we have 


a 


Si= —+a+ap=/>. 


a 


I\e. — (1+P+P 2 )=p ; 


a- 


S2= ^ +a 2 +a 2 p=#, i. e. 


a* 


(i+p+p 2 )=tf; 


and S,=a 3 =r. 


CO 


m 

m 


Dividing^//) by (/), we obtain *=-~ . 

Substituting — for a in (i7i), the required condition is 

P 

-jjT =r » 4 3 =P 3 ''. 


(/«) Let 


1 


1 


1 


a—8 * a * a-b8 


be the three roots. 


Then S 1= ~ # +4-+4j=l». 


s„= 


1 


1 


1 


and 


2 (a-8)a + a 2 -8 2 + a(^+3) 

1 


S 3“ a (a 2 —8 a ) 
Simplifying, we get 


=r. 


a(a 2 —S 2 ) = 


1 


3a 


r y a (a 2 —8 2 ) ^ 5 a (a 2 —8 2 ) 


3a s —8 2 


=P- 


Eliminating a and 8 from these three equations, we get 
the required condition viz. 2*?—9pqr+27r z =0. 
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Example Solve the equation : 

x>-9x 2 +14.v+24=0, 
two of the roots being in the ratio of 3 . - 
Let 3*. 2a, p be the three roots. 

Then S I =5a+P=9, 

S. ; =6a*+5ap = 14, > 

S =6a*p=— 24. 

and Sj-oap 

From (/), P=9 —5a. 

Substituting in (tt). we " et 

19a 2 —45a+14=0, 

the roots are 6, 4, —1. 

Example 5^ Solve the equations : 

x+ay+a 2 z=a\ 

x-\-by+b-z=b , 
x+cy+c-z=c\ 

fM *’ From the given equations, it is readily seen that c, b. e are 

the roots of the cubic, 

i*=zt~+yt J rx; 

i . e . x 3 —n 2 —>'/—^=0. 

Hence z=a+b+c ; y=-(ai>+fc+ca); x-abc. 

V Example 6. If 1. «, P. T. bc the r00tS ° f the ^ 

x n —1=0, 

prove that (1—a)(l—p)0“Y). ~~ n ’ 

We have x n -l=(x-DfU-<x)(x-P)(x-Y)-l- 

differentiating both sides of this identity with respect to 

x, we get . 
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Writing unity for X in this identity, we have 
«=(1-«)(1-»(1-Y). 

EXERCISES—X 
Solve the equations : 

1. 4.x 3 -{- 16 a 2 —9x—36=0, the sum of two of the roots 
being rero. 

2. 4x 3 -b20.x 2 —23x+6=0, two of its roots being equal. 

3. 3a 3 — 26 . x 2 -!- 52a— 24=0, the roots being in G.P. 

4. 32.x 3 —48.x 2 -b22.x—3=0, the roots being in A.P. 

5 < 40x 4 +22x 3 —21 a 2 —2x-bl=0, the roots being in 

6. 2.x 3 —.x 2 — 22 a *— 24=0, two of the roots being in the 
ratio of 3 : 4. 

7. Sx 4 —2x 3 —27x 2 +6x-f 9=0, two of its roots being equal 
but opposite in sign. 

8. 6.x 4 —29x 3 +40x 2 —lx— 12=0, the product of two of its 
roots being 2. 

9. 27.x 1 - 195x s -f494x 2 —520x-b 192=0, the roots being in 

G.P. 

[Ans. 1. -4, ± 3/2. 2. i, -6. 3. 6, 2, 2/3. 

4. 1/4, 1/2, 3/4. 5. -l-hhh 

6. -3/2, -2, 4. 7. ±V3, 3/4, -1/2. 

8. 3/2, 4/3, 1±V2. 9. 8/9,4/3, 2, 3.] 

10. Find the conditions that the equation x 3 — px 2 -b^x—r 
=0 may have (i) two equal roots, (z7) two roots equal but 
opposite in sign, (///) all the three roots equal. 

[Ans. (z) (9r— pqf=A{q-— 3/>r)(/> ? —3?). 

(ii) pq~r. (z/7) p-=3q, p 3 =27r.] 

11. Find the conditions that the equation : 

x 4 -bP-x 3 +( 7 -x 2 +rx-b j=0, 

may have (i) its roots in A.P., (zz) its roots in G.P., (Hi) its 
roots all equal, (to) three roots equal, (v) two pairs of equal 
roots, (vz) two roots equal but opposite in sign. 
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[Solution, (ifiet -35 «-*. «+*. «+3* b ‘ the four 

roots in quesUon^Then, wC Q have^ ^_ 5lj2)= _ r 

aDd and 3 between gelations, we obtain the 

two necessary , + ^)=1600s. 

(//) Let -,«P, a? 3 be the roots in question. Then 




« 2 (J4 !+2+p2+p ‘) =:9, 

a3 (? + ^ +p+p3 )*~ r * 


(a) 

w 

(0 


a‘=5 (<*) 

30 Eliminating a and p between (o), (0 and (d), we get one of 

the ““ b ‘ U0 0 D t S h " Z ^dit P ion is obtained by eliminating « and p 
betweln («M*) and (c). For this purpose, we put 

p ——=f» so that p 2 +- 4 =f 2 -2. 


% 

p 3+-L =r 3 —3r and p 4 +4-=f 4 ~4i 2 +2. 
* Ct P 


We then have 


t 3 -2(+-£-=<>. 
a 


and 


t‘-3l 2 +2=|r=^. 
From (e) and (/), we get 

, s+ A, + (^_ 2 )=°. 

From (e) and (g), we obtain 


(0 

(/) 


(*) 
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or 



From (g) and (/i), we have 


t'~ 


t 


tt 2"T r r i 


_I+M + 1 

a ra * a 




Hence 


/.e., 


P 

r* 


1 / n/1 r \ 2 /_£ P\/ lc l Pf _P\. 

tf\ Pq ) r “a 2 A r ~ r 2 a 2 /’ 

Wnn r\S—/JL -£l\ . 

/ (r rAr r- r /’ 


or p{pq-r)-={p 2 -q){pq'+p 2 r-2qr) ; 

or which is the same thing, 

(q°—pr){pq-r)=r(p 2 -q) 2 . 


This is the second necessary condition. 

(///) The necessary conditions are : 

(a) 87 = 3p\ ( b) 1 6r=p*. (c) 256s=/> 4 . 

liv) The necessary conditions are : 

(a) ( 47 2 - 9 />r)( 3 p 2 - 87 ) = 3(6r— pq)\ 

(b) (pqr+%qs—9p 2 s)(pr— 16s) = 3(6 ps—rq) z . 

(v) Let a, a, ,3, p denote the roots in question. Then, 

2(a+P) =*-#>, 

a 2 +? 2 +4 a?=7, 

2a(*(a+P)=-r, 
and a-^ 2 —s. 


Eliminating a, (3 between every three of these relations, we 
obtain the following four conditions : 

(a) p*+Sr=4pq, ( b) p-s=r 

(c) (47-/> 2 ) 2 =64 s, (rf) (r 2 — 47 s) 2 =64s 3 . 
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(vi) p 2 s-\-r 2 —pqr=0]. 

§15 If the equation f n (x)=0 has r of its roots each equal 
,0 a, then the equation f\(x)=0 has (< -1) of its roots each equal 
1 ° a. 

Let /„_,(*) denote the quotient when/„(x) is divided by 
(x— a) r ; then f n {x)={x—a) T f n - r {x). 


Differentiating, 

ff{x)=r{x--a) T -- l fn-r(x)+(x--ayf'„-r{x), 

=(x-aY-\rf n - r {x)+(x-a)f'„-,{*)] ; 
so that/'„(*) contains the factor (x-a) r - 

Hence the equation /'„(x)=0 has (r-1) of its roo* each 


equal to a. 

Ex. Is the converse true ? 

Ex Show that if /„(.%')=0 has only r of its roots each 
equal to a, then/'„(x)=0 has only (r-1) of its roots each equal 
to a. 


816 From the preceding article, it readily follows that 
an equation/(x)=0 does or docs not have equal roots according 
as fix 1 and f lx) do or do not have a common factor involv. 
ingx. Moreover, if/(x)=0 has r of its roots each equal to a, 
then r<'- J >(x)=0 has one of its roots equal to a. Hence, 
and f iT ~ l) {x) have a common factor (x—a), then/(x)=0 has r of 
its roots each equal to a. The common roots of two equations 
F(x)=0 and G(x)=0 will be obtained by equating to zero the 

H.C.F. of F(x) and G(x). 


Example 1. Solve the equation : 

dx 6 —25x 4 -Mlx 3 —33x 2 -f-13x—2 
which has three equal roots. 



Let /(x)=6x 8 -25x 4 +41x 3 -33x 2 +l3x-2, 
then /'(x)=30x 4 — 100x 3 + 123x 2 -66x+13, 

and' (x)=120x 3 - 300x 2 +246x - 66. 

Since Ax)=0 has three equal roots ;/'(x) and f (x) have 
a common factor involving x. 
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This common factor is obtained as follows : 


6)120- 300+246-66 
20- 50+ 41-11 
20- 35+ 15 

30-100+123- 66+13 

2 

60-200+246-132-1-26 3 

- 15+ 26-11 

60—150+125— 5J 

4 

~ _ 50+123- 99+26 

- 60+104—44 

- 60+105-45 

2 

— iOO+246—198+52 - 
-100+250-205+55 

-1) -l +1 

1 -1 

-1 )- 4+ 7- 3 

4- 7+34 
4- 4 


- 3+ 3 - 

- 3+ 3 


X 


Thus the required common factor is (x—1). 

Since /(x)=0 has three equal roots, (x-1 ) 8 must occur as 

a factor in/(x). The remaining factor is obtained by dividing 

/(x) by (x— 1 ) three times in succession as follows : 


1 

6-25+41-33+13-2 
+ 6-19+22-11+2 

1 

6-19+22-11+ 2|+0 
+ 6-13+ 9- 21 

1 

6-13+ 9- 2 
+ 6-7+2 

+0 

I 

6 - 7+ 2,+ 0 


The quadratic equation : 

6x 2 -7x+2=0. 

has | and § as its roots. Hence the roots of the given equation 
are : 1 , 1 , 1 , $ and f. 

N.B .—Instead of dividing/(x) by (x—1) thrice in succes¬ 
sion, we could divide it by x 3 —3.x 2 + 3x—1, by the method of 
synthetic division given in Chapter I. The process would 
then be exhibited thus : 
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3 

-3 

1 


6-25+41-33+13-2 
+ 18-18+6 

-21+21-7 

+ 6 — 6+2 

6-T+2T+0±L 0 


Example 2. Solve the equations : 

/(x)=x 4 +5x 3 —22x 2 —50x+ 132=0, 
and <^(x)=x 4 +x 3 -20x 2 + 16x+24=0 ; 

which have some of their roots in common. 

The common roots will be obtained by equating to zero 
the H C. F. of the expressions /(*) and <fi(x). Th.s 

obtained as follows 

'+ ' —20+16+ ^,1+5 - 22 - 50+132 


1 


jX 2—40+32+ 48 2 ) 4- 2^66+_l08 
\t 1-33 + 54 I T^l-33+ 54 
3— 7—22+ 48 2— 10+12 

2 1 


1 


6=T4—44+ 96! 
6 - 3-99+ 162 
— 11) —11 +55— 66 , 

6 


9-45+ 54 
9-45+ 54 


x 


1- 5 + 

Bv equating to zero the common factor x 2 -5x+6, we 
obtain 2 and 3 as the common roots of the two equations 

/ (x)=0 and 0(x)=O. 

Dividing /(x) and 0(x)by x 2 -5x+6 as follows : 

'1 + 5-22- 50+132 ,1 + 1-20+16+24 


5 

-6 
1 


+5— 6 

+ 50— 60 
+ 110 


132 


14-10+22 I +0+0 


5 

-6 

1 


+ 5- 6 
+ 30-36 
__+20-24 

1 + 6+41 + 0+ 0 


we see that the remaining roots of/(x) —Oand0(x)- 0 
are given by the quadratics : 

x 2 +10x+22=0 and x 2 +6x+4=0 respectively. 
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Thus the roots of the equation /(x)«=0 are 2,3,-5+V3 
and^hose of 0(x)=O are 2, 3, — 3+V 5 * 

Example 3. The equation 

\ / /(x)=x 4 +15x 3 +70x a +120x+64=0, 

has two roots which differ by 3. Solve the equation. 

Let a and a—3 be the roots in question. 

Then /(a)=0 and /(a—3)=0. 

We find/(a—3) as follows : 

114-15+70+120+64 

- 3-36-102-54 


-3 


1 + 12+34+ 18 
- 3-27- 21 


+ 10 


1+ 9+ 7 

- 3-18 

1 + 6 

- 3 
1 + 3 


-3 


-11 


The required value of « is the common root of the equations : 
a 4 +15a 3 +70a 2 4>120a+64=0, a 4 +3a 3 -lla 2 -3oc+l0-0. 

This is obtained by equating to zero the H. C. F. of /(a) 
and /(a—3). 


1 


-15 

13 


86 


1 + 3- 11- 3+ 10 
4 

1+15+ 70+ 120+ 64 
1+ 3- 11- 3+ 10 

4+12— 44- 12+ 40 

3)12+ 81+ 123+ 54 

4+27+ 41+ 18 

«l+ 27+ 41+ 18 

-15— 85- 30+ 40 

13 

4 

52+351+ 533+ 234 
524-3964- 344 

— uU— jhU— lZU“t- 1DVJ 

-60-405-615-270 

-45+ 189+ 2341 

5) 65+495+430 

13 

134- 99+ 86 
13+ 13 

-585+2457+3042 

-585-4455-3870 

86 + 86 

6912)6912+ 6912 

86 + 86 

1+ 1 | 

X 

1 


1 


-45 
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The H.C.F.is a+1. Therefore a= —1. 

Hence —1 and —4 are the two roots of /(x)=0 which 
differ by 3. 

Dividing f(x) by (x+1) and (x+4) in succession or by 
x 2 4-5x4-4 by the method of synthetic division : 

14-154-704-1204-64 
-5 -5-4 

-4 -50- 40 

- 80-64 
1 14-104-164- 04- 0 

We get the quadratic 

x 2 4- 10x4-16=0. 

This gives the remaining roots viz., —2 and —8 of/(x)r=0. 

; Example 4. Solve the equation : 

/(x)=x®-5x 2 -16x 4-80=0 

the sum of two of its roots being zero. 

Let a and —a be the roots in question. 

Thcn/(a) = a 3 — 5a 2 —16a.4-80=0, ^ (i) 

and /(—a) — — a 3 —5a 2 4-16a 4-80=0. u (/7) 

The value of a is found by equaling to zero the H.C.F. of 

/(a) and/(—a). This « 

is found to be a 1 —16, 
so that a=4 or—4. 

Therefore, the 3 

roots of /(x)=0 in 
question are 4 and—4. _ 

The remaining root is obtained by equating to zero the 
quotient of/(x) by (x 2 —16). 1-5—164-80 

We thus have 0 4 -O 4 -I 6 

x—5=0. 16 4- 0-80 

Therefore, 5 is the remaining 1 1 — 5 I 4-04-0 

root of the given equation. 


1-5-164-80 14-5-16- 80 

14-0-16 i_5_i64- 80 

-5+ 04-80 TO ) 104- 0—160 
— 5 + 0 + 80 iq- 0— 16 

x 
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V Example 5. Find the condition that the cubic 

(f)(x)=ax*+'Sbx i +3cx+d=0. 

may have two equal roots. 

If $(*)=0 has two equal roots, the equations : 

0(x)=flx*+36x 2 +3cx+^=O» jy#. ^ CO 

and 0(x)=3(ax s -f2hx+c)=O, ' 

must have a common root. We have to eliminate x from (>) 
and (//). 

Multiply (ft*) by x/3 and subtracting from (i), we have 

,fac*+2cx+d=0. (M) 


From (ii) and (iff) we get 


1 


Tjjjd^c 2 ) “ be—ad = 2{ac—b 2 ) * 

Therefore, the required condition is 

(be-ad) 2 =Mflc-b?)(bd- c 2 ) • 

Example 6. The equation 
x*-209x+56=0, 

has two roots whose product is unity. Determine them. 

(/. A. and A. S., Allahabad, 1926) 


Let a and — be the two roots in question. Then 


and 


i.e.. 


a 6 —209a+ 56=0, 


1 209 


(0 


+56=0, 

a° a 

56a 5 —209a 4 +1=0. 


('*> 
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1+0+0+ 0-209+56' 
1+0-0-56+ 15 


56-209+0+0+ 0+ 1 

564 - 0+0+0-11704+3136 


56)56—224+56;—209)—20 9 +0 +0+ 11704—3135 

1+0+0- 56+ 15 

1-4+1 


56 


1- 4+ 1 


1 


4-1- 

56+ 

15 

4 

4-16+ 

4 



15- 

60+ 

1515 

15- 

60+ 

15 

I 


or— 



Equating to zero the H. C. F. a 2 -4a+l of the expressions 
209a+56 and 56a 5 -209x 1 +l, 

we get a=2+\/3> so that— = 2+ y/3. 

/ 

'The two roots in question are thus 2+V 3 and 2— y/3. 

5 17 Jf a relation between two roots of an equation be 
given, the degree of an equation can be reduced by two. 

Let/(x)=0 be an equation of the nth degree. 

Also let a=<KP) be the relation between a and p, two of 
the roots of the equation/(x)=0, 0 being an algebraic function. 

Since a and p are roots of/(x)=0, 

/(<x)=0and/(p)=0 ; 

i.e.J -{ 0(P) X = 0 and/(P)=0. 

Equating to zero the H. C. F. of/(P) and f-{ 0(P) we 
shall get p. The value of a is now given by the relation a=0(P). 
Two of the roots of/(x)=0 being thus known, the degree of the 

equation can be lowered by two. 

EXERCISES XI 

1. The equation 8*‘+4* J -18x>+ll*-2=0, has three 

equal roots. Solve it. Ans. / 2 > /a* / 2 * 

2. The following equations have some equal roots. 
Solve them. 
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1±*V3 li^V3 __*> 

(a) x 5 —x*-f4x 2 —3x+2=0. Ans. — 2 ' ' 2 * Z ' 

(b) x*—2x 5 —4x 4 +12x 3 —3x 2 — 18x+18=0. 

Ans. ±\/3» ±V3» 1±*- 

(c) x 5 — 13x 4 -f-67x a — 171x 2 +216x— 108=0. 

Ans. 3, 3, 3, 2, 2. 

(J) 4x fl -24x 5 +57x 4 -73x 3 +57x 2 -24x+4=0. 

Ans. 2, 2, 1/2, 1/2, 


3. Find the condition that the equation *-p*+,=0 

may have equal roots. , Ans. n r" “—4 p (n 2) . 

4. If the equation x iJ r^fbx 2 +cx+d=0 f h^ three 
equal roots show that each of them is equal to (6c-a£>)/(3a 
Hence solve the equation : 

8x 4 +4x 3 —126x 2 4-243x—135=0. 

Ans. |, f, h —5. 

5. The equations 4 x 4 + 12 x s —x 2 —15x=0, and 

_4X 2 —15x=0, have some of their roots common. Solve them. 

Ans. 0, 1, -3/2, -5/2 ; 0, 1, -3/2, -5/3. 

6. Show that the equation x*-rpx 2j rq= 0, cannot have 
three equal roots. 


7. Find the value of alb so that the equations : 

flX 2 +6x+n=0 and x 3 —2x 2 +2x—1=0. 
may have ( i) one root in common, and («) two roots in common. 

Ans. (0 —1/2 ; («) —1. 

8. If the equation xH-7xN-rx 2 +/=0 has two equal 
roots, prove that one of them will be a root of the quadratic 

15rx 2 —6^ 2 x+25/— 4qr=0. 
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9. Show that the equation £ «P, x-=0 cannot have 


r=0 

equal roots. 

,0. If the equation S-WaV+b'x+^0 has three 
equal roots, show that ab 4 9a +C 5 

11. The equation x’-409x+285=0 has two roots whose 

5±y i3 

sum is 5. Determine them. 2 * 

IHn the same equatfon the*product of two °/_^f roots be eqUal 
to the product of the other two, show that r —p s. 

13. Solve: x*+*-16*+2Q-0. the difference between 
two of the roots being 7. . » » 
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Symmetric Functions of the Roots of an Equation 

S1& 7 Symmetric functions of the roots of an equation 
are those functions that remain unaltered in value when any two 
of the roots are interchanged. We had examples of such funcUons 
in the preceding chapter, while considering the relations between 
the roots and co-efficients of an equation. Thus s z , 

o. s n were all symmetric functions of the roots, tor tn 

roots were symmetrically involved in each of them. It one 
term of a symmetric function be given, the others can be put 
down readily by taking different permutations of the roots, u 
is, therefore, customary to represent a symmetric function ot 
the roots by placing a sigma (X) be fore one of the terms ot 
function. For example, if 


«, B, v be the roots of a cubic, Xa 3 ^ represents the sym¬ 
metric function : and if «, P, Y» 

$ be the roots of a biquadratic, the same symbol represents 


a 3 (P+Y+S) + P 3 (Y+a+ S )+Y 3 (a+( i + 8 H- 83 ( a +Pf‘f)- 
The value of any symmetric function can be found in terms oi 
the co-efficients with the help of the relations of the preceding 

chapter. 

Example 1. If a, p, y, 8 be the roots of the biquadratic 
x *-f px 3 + qx* -f rx + s =0, 

find in terms of the co-efficients the value of 

(l) 2a 2 , (ii) X(p+Y+ 8 ) 2 - 

We have a+p+Y+ 8==— P»' 


and ap-j-aY+aS+PY+t^ + Y 8-- #* 

Therefore, Xa 2 =(a 2 +p 2 +Y 2 + 82 ) 

= (a+P+Y+ 8 ) 2 

—2(ap+aY+ a8 +PY+P 8 +Y 8 ) 

=p*-2q ; 
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Also Stf+Y+tf-f 

= (p+a) 2 + (P + P) 2 +(P+Y) 2 +(P+ S ) 2 * 

= 4p 2 + 2p2a + 2x 2 

=4p 2 -2p 2 +p 2 -2^=3p -2^. 

Example 2. If a, p, 3 , * be therooteof the biquadratic 

Po^ 1 + 4px^ + 6 P2 X + 4 ^3 X +P4 - U » 

find the value of: a \ 

( 3 a _p_ Y _8)(3p-Y-S-*H 3 f- 8 -°‘-PH3S- It P ‘ f) - 
We have a+p+Y+ 8 — 

Therefore, 3«-p-Y-* =4 ( «+^)- 

Moreover 

Substituting -*• for x in this identity, W e obtain 

rO 


^“ + S w+ a My+ a X * + ^ 1 


=p„ ( -^)*+ 4 ^(-^ )3+6( "71 )!,,2+4p3( p1 )+P4 ' 

= {Po a P.--WPrPa+fiPoPiVi-3i>l‘ }. 

Pa V 


Pi 


Hence, H(3«-p-r-S)=W(«+*>l= 256 ««+j») 

= [P0 3 P4- 4 P0 2 PlPs+ 6 PoPl 2 P*- 

V Po 

Example 3. If a, p, y be the roots of the cubic 

x z —px 2 -\-qx—r= 0, 

find the value of 2-^ • 

We have a4P+Y=P and a PY s=r * 
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^ • 

Dividing the first of these relations by the second, we get 

s 1 i,i, i_ p. 

a(3 a{3 ' (3y ~ya T 

Example 4. Find the numerical value of II(a a +3), where 
a, (3, y, $ are the roots of the equation 

/(x) =r 1 +4.x 3 -6.x 2 - 13x-f 11=0. 

We have x 4 +4x 3 —6x 2 — 13x+ll 

= (x-a)(x-(3)(x-y)(x-S). 

Dividing /(x) by (x 2 +3) we get 
/(x)=(x 2 +3)(x 2 +4x-9)-25x+38 ; 

=(x-oc)(x-(3)(x-y)(x-8). 

Putting iy/3 and — iV3 in succes 
sion for x in this identity, we have 

38-25/V3«(/V3-*)(V3-P)(V3-rW3-«) J (0 

and 38+25/V3 =(-iV3-«)(-/V3-P)(—V3-Y) 

(-V3-S) (i’0 

Multiplying (i) and (//), we get 
, '/ (a 2 +3)(P 2 +3)(Y 2 + 3)(8 2 + 3)=38 2 + 3.25 2 = 33 1 9. 

«v/ 

/ Example 5. If a, (3, y be the roots of the cubic 
x 3 +qx+r=0, find the value of » 


1+4-6-13+11 
0 +0-3 
-3 +0-12 

+ 0+27 

1+4-9-25+3S 


We have 2a=a+(3+y=0, 2a(3=a(3+ay+(3y 

<x(3y=—r. 

T , f v a 2 + (3y „ fa 2 ——1 
Therefore 2-^— =2^ _a_ y 


=q and 


-« J 


=s{4-=c\=rzl-S« 

a- j a- 
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-r {(5?>*- 2 (£>K- 

Example 6. Find the numerical value of II(2«—5*+3). 

where a, p, y, Q are the roots of the equation . 

/(x)=4x»-2x 4 -21x 2 +2x-3=0. 

Dividing/(x) by 2x 2 —5x+3 : 

|4— 2+ 0-21+ 2-3 
+ 10- 6 
+20-12 
+ 35-21 
+ 5-3 


5 

-3 


(0 

(«) 


4+ 8+14+2 '-1 4-6 
[ 2+ 4+ 7 + 11 

we get ® ( 1=A*) +7 x+ i ) _ 14jc _6_ 

Putting for x in this identity, the values which make 

2x 2 —5x+3 vanish, U. *-1.3/2; we get 

4(1 —a)(l —P)(l— yKI — W - 6 )- -20 * 

and 4(f—aHi-pHf-YXf- 8 X£- e )=-27. 

Multiplying (0 and (»), we get 

16 II (a a —l«+f)=* II (2£-5*+23) = 540. 

Therefore II (2a 2 -5a+3) = 1080. 

EXERCISES XII 

1. If a, b, c be the roots of the cubic x 8 —px 2 +^x—r—0, 
find the value of (i) ^ - («> ^ W ^ (iv) 

( V ) 2(^ +-|) and (vi) (b+c)(c+a)(a+b). 

Ans. («) 00 . 0«) q 2 —2pr, pq-lr % 

( v ) ( y 0 
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2. If a, b, c be the roots of x?+qx+r= 0, 

find the value of (/) 2(b— c)\ (ii) 2^-^-, 

b*4-c 2 

(iii) 2a 3 and (iv) 2 

Ans. (i) -6?, (ii) p (>'«) -3r- P») - 7"- 

3. If fl, b, c t d be the roots of the biquadratic 

x 1 — px?+qx 2 —, rx+.s=0, 
find the value of (/) 2a 2 hc, (») 2a 4 , and {iii) 2 <r 0 . 

Ans. (i) pr-45, (ii) p*-4p*q+2q*+4pr-4s t 
(iii) p'-q-Ttf-pr+As. 

4. If Oj, 0 U, ... a n be the roots of the equation : 

X n +p 1 y? t - X -\-P' i Xr- ,L +Pz* t + . +Pn-lX+Pn=V> 

% 

prove that II (a, i +l)={l-p 2 +P i -Pe+-~T-+(Pi-Pz+P'.-Pi 

■r =0 +. ) • 

5. Find the numerical value of II (a 2 4-3a+2), a being a 
root of the equation : x 4 —4.x 3 +3x 2 — 17x+6=0. 

Ans. 3100. 

§19. Theorem. Ifo^ 03 .a. fee roots of the 

equation / n (x)=0, then 

^ "M- 3^+x-a a + X-a a +^ *-<*« 

% . 

We have 

/ n (x) =/> 0 (*—<*i) “s).(x—a n ). 


j Tiv •—* v\ r • — 

Taking logarithmic differentiation, we get 

f.{x) _1, 1 , 1 

.. _ I V M I V A, 

•3 


1 


_——_i_—=— u— — f . 4 -* 

/ n (x)~x-V x-o^X-a* *-«» 


/•/ / Y \_ y/n(x) 


Hence 
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§20. To find the sum of the p ih powers of the roots of an 
equation, p being a positive or negative integer. 

Let 04 , a 2 , 03 .«n be the roots of the equatioa 

j£(x) =x n 4- PlX n ~ l +Pi X + . p n-i x +P» - 0- 

We are required to find the value of P p =Xa r p in terms of 

the co-efficients p v p 2 , p 3 .P«- We ^ ave 

/' n (x)=MX"- 1 +(n — 1 )pi xn ~ 2j r{n-2)p 2 x n - 3 -\-...+p n -v 

Moreover, by actual division, we obtain 


/«(*) = x n-i +(ar+A )x"- 2 +K 2 +Piar+P 2 )^ n - s +. 

X-a r 

... + (a r "- 1 +PiOr n " J +P2 a '- n 3 +.•+Pn-l) l 

so that, from the Theorem of the preceding article, 

nx"- 1 +(n -1 )P \* n ~*+(» - 2)p%x n ' 3 +.+P«-i 


= /' n (x)=2 = nx n_1 + (np x +2a r )x n 2 

X 1 ' 


-Hnp 2 +Pl2ar + W)X n - 3 +... + («Pn-l+Pn^ 

+Pn-3 Xa r 2 +.^ 

Equating the co-efficients on_ the^two sides of this identity, 
we get (n—l)Pi=wPi4-S«r , e » Pi=£*r——Pi * 

(n—2)p 2 =np t +Pi2o4+2 a r 2 » 

therefore V i =^ 2 =p 2 —2p 2 ; 


and in general, 

(n - q)p q = «P<, +Pg -l^«r +P«- 2 ^r°" + . • • +Pl^f Q ~ 1 + 

<7 = 1, 2, 3., 1); 

or P a +PxPo-i+P 2 P a - 2 +.+P«-iPi+9P</=0, 

9=1,2, 3,.(n-1). 


From these (n-1) relations, we can calculate in suces- 

Sion the values of P,. P». P*. P "-. in lerms of thc c °- efficlents 

Pi, Pi, Pa».P»-i' 
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To find Pp for other values of p, we substitute <**> a^, 

.a. in succession for x in the equation 

x m -%{x)=x m +. p 1 x m ~ 1 -\-p t x m - i -\-... +p n x m ~ n =0. 

Adding, we get the relation 

PmvfPlPm- 1 +P 2 P»n-2+ : . +Pn? ^^ 0 

m being any positive or negative integer and r 0 — 

Putting n, n+1, n+2.for m, we obtain in succession 

the values of P„, P„ +1 , P n+2 .from the above relation. 

Again, putting h- 1,»-2,»-3.form in the same 

relation, we can get the values of P_j, P-*, P- s . 

Thus, we can calculate P„ for all positive and negative 
integral values of p. 

Example. Find the values of P-«, Pa, aQ d P 7 for the 
equation /(x)=* 8 — 3 x*+ 2 * 2 —3x—2=0. 

Here 6x 6 -15^-}-4x-3 =/'(*) 

=2 J^—L a being a root of / (x)=0, 

~ x —a 

=6x 5 +(P 1 -18)^4-(P 2 -3P 1 )x 3 +(P 8 -3P 2 )x a 

+(P4-3P 3 +12)x+(P 6 -3P 4 +2P 1 -18). 

Equating co-efficients, we get 
Pj—18= —15, P 2 -3P 1 =0, P 3 —3P 2 =0, P 4 -3P 8 +12=4 

and P,-3P 4 +2P 1 -18=-3. 

These relations give 

P 1 =3, P 2 =9, P 3 =27, P 4 =73 and P 6 =228. 

Substituting oq, o^, otj,.a a for x in succession, in the 

equation x m ' 6 f(x)=x m - 3x"*- 1 +2*’"- 4 -2x m - B =0, 

we obtain on addition, the relation 

P m —3P m _ 1 +2P m _ 4 —3P m _ 5 —2P m _ a =0. 

Putting m=6, P 8 =3P 5 —2P 2 +3P 1 +2P 0 
=684-18+9+12=687. 
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Again, putting m=7, we have 

P 7 =3P 6 -2P 3 +3P 2 +2P 1 =2040. 

Putting m=5 and 4 in succession, in the same relation, 
we get P 6 -3P 4 +2P 1 -3P 0 -2P_ 1 =0, giving P- x = —f ; and 
P 4 —3P 3 +2P 0 —3P_ X —2P_ 2 =0, giving P_ 2 =V- 

In numerical cases such as the one above, the calculation 
is most easily made by using the results of § 21. 

EXERCISES—XIII 

1. Calculate the values of P_ 4 , P_ 3 , P 3 and P, for the 
following equations :— 

(0 x 3 +5x 2 -6x+3=0 ; (//) 7* 2 -3*-4=0 ; 

(iii) X s —6x*— 3x+4=0 ; (iv) x 6 — 7*-H=0; 

(v) x*+4x*-6x+2=0 ; (vi) x a -\=0. 

Ans. (i) -70/9, -3, -224, 1357 ; 

(«) - W, fit. HH ; («V) W/, V/, 0, 84; 

(/v) 2401, 343, 0, 0 ; (v) 55, 21, -46, 152 ; 

(vi) 0, 0, 0, 0. 

2. Find the values of P», P 6 and P_ 4 for the following 
equations ; 

(i) x*+px t +qx z +t= 0; (//) x*+px*+qx 2 +rx+s= 0. 

Ans. (/) /> 4 +4p<? ; /> 6 +6/> :, <?+3<? 2 +6/>r; 

(,7) n«_4p 2 <?+4/>r-f 2tf 2 -4j ; p 8 -6p 4 ^+6pV 

+ 9 /> 2 < 7 2 - 6/> 2 s -12/^r+3r 2 - 2<f+6?r; e tc. 

3. Find the values of P 2 , P- 2 and P 3 for the equation : 

x 8 +x 2 -8x-12=0, 

which has two equal roots. Verify your answer by solving the 
equation. Ans - 17 ’ **> 11 * 

§ 21. From the theorem of section 19, we have 
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/«(*) 


+R] 


n . Pi , P*. +2R, R be- 

by actual division, + ^ 2 '+ ^ +—+ x p+i 

ing the remainder after (p+ D terms, involving powers of 
i higher than (p+1) 

We thus see that for all positive integral values of P, P, 
is the co-efficient of Jr"- 1 m the quotient of/ „(*) by)„(x). ^ 

Again 4# =- S ^=- 2t 'i + ^ + l r+ - + ^ 5 ' 


/ n (x) a,. —X «r 

+R]. where R involves powers of x higher than (p-D, 

J so that for negative integral values of p, P, is the c 

efficient of x" p_1 in the quotient of —/'«(*) ty .£»(*)• ^e P r °ee?® 
of division is most easily carried on by the method o ^ 
division. The terms will be arranged m descending o 
ing powers of x according as p is positive or negativ . 

Example. Find the values of P-a, P 2 and P 7 or 

equation/(x)=x 6 —3x s +2x 2 —3x—2=0. 

Here/'(x)=6x 5 —15x*+4x—3. 

Dividing/'(x)by/(x): 

16-15+0+ 0+ 4- 3 
+ 18+0+ 0-12+ 18+ 12 
4-9+ 0+ 0— 6+ 9+ 

+27+ 0+ 0— 18+ 

+81+ 0+ 0- 
+219+ 0+ 

+684+ 

_ +2061 + ... 

6 + 3 + 9 + 27 + 73 + 228 + 687 + 20 40 + 7 ^ 

we set P,= co-efficient of x~ 3 in /' 
and P*= co-efficient of x' 8 in/'(x)//(x)=2040. 

To find P_ 2 , we expand- /'(*)//(*) in ascending powers 


3 

0 

0 

-2 

3 

2 

1 


6 

27+ 
54+ ••• 
0 + ••• 
0 +••• 


of x. 


Dividing 3—4x+15x* 6.x 5 by 
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3 j 

~ 2 , 

• 

3- 4-f. 
- !+■ 

• 

-2 

=!+¥+ 

=co-efhcient of x 


MUJ. x 1 ~ » - ' 

Ans. —92; — 17; 7; 0, 0. 
Aos. 5; 0; 5; 0; 5. 

Ans. 3; 3; 3; 3; 3. 

Ans. $; 2; 9: 33. 


EXERCISES XIV 

, i .w p p p p, and P 5 for each of 
Calculate the values of P_ 5 > 1 -s* r o» r 3 5 

the following equations 

1. ^-3x»+2x*-3x+l=0. Ans. 123,^18,4,18, 123. 

2. x’-3x»-2x-l=0. 

3. X s — 1=0. 

4. x“-3x 2 +3x-l = 0. 

5. x~ — 3x+2=0. 

Verify your results in the case of the last two equations. 

s 22 Calculation of other Symmetric Functions. 

C0 ' e>fi *p "e ^yXe'tric^llfmvowJ^of the fo?m : 

Now 2 a 1 -’a J «=P»P a -P»«, where P “ =2a ’" aad 
For P.P,=(<+< +$XZ+ ZE ?*..+O 

*W«**+ S «l P+f ^a^ + Pp+t, *’ (rt 

sothatW^=P^' P ^ when| *«. 

Multiplying (0 by P f (=2* r )» we get p p . 

WV a 3 r +W +fa 3 ,, + 2:a i , ’ a ^ Pj>PflPr Pp+ « Pf ’ 

provided p, r are all different. 
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Since 2V+ r oc/=P P+ rP a - Pp+«+r , if q¥*P+r ’> 
and 2ot i * , ce 2 <,+r:= f > p^ > a+r fj»+o+r> if » 

we get 2a 1 5> a 2 < 'a 3 r =P p P 0 Pr PpPo+r~Pp+r^« 

Pa+p*r i 21r p+e+r* 

Proceeding in this manner, we can always calculate the 
symmetric functions in terms of the P’s, which are themselves 
expressible in terms of the co-efficients. Hence the proposition. 
The results have to be modified when any of the exponents 
become equal. Thus if p=q we have 

(P P ) 2 =«+ a 2 J> + a 3 P +.+« n p )=2a 1 2p +22a/« 2 p . 

Hence Xa 1 W=[(P J ,) 2 -P 2P ]/2. («) 

Similarly if p=q=r then 

XOi’V’a,’^ y-j (P„’-3P„P„+2P 8i ) (Hi) 

since the six terms obtained by • interchanging the roots in 
a 1 p a 2 °a 3 r become all equal. 

The fundamental results (/) and (ii) can together be ex¬ 
pressed in the form : 

w^=^[p.p.-p»«] 

according as p^q or p=q. 

A few examples will illustrate the points involved. 

Example 1. Find the value of 2a 2 py, 

a, P, Y> 8 being the roots of the biquadratic 

x 1 +p.r* + qx?+rx j= 0. 

We have 2x 2 p=P 2 P x -P 3 . 

Multiplying both sides by P x , we get 

2 (2x 2 p Y +2a 2 (T-) + 2a 3 p=P 2 P X 2 - P 3 P X . 

But 2a 3 {S=P 3 P 1 —P 4 and 22a 2 p 2 =P 3 2 -P 4 . 

Therefore 22a 2 p Y =PoP 1 2 -2P 8 P 1 -f2P 4 -P a 2 . 
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Dividing 4xP+3px 2 4- 2qx 4 -r by xM -p&+qx*+rx+s ; 



4,4-3p, 4-2^7,4- r 

-4s 

—p 

—4p,-4q,-4r 

— q 

+ P 2 > J rpq 

+P r . 

— r 

-p* + 2pq y 

—p-q + 2q- . 

—s 

4-P* — 2p~q 4- 2p 2 q 4- 3pr .. 


1 


4 ; _ p . pi _ 2q. -p ■ + 3 Pd - 3r , p* - 4p 2 q+ 2 a 2 - 4/p/-—45... 


we have P t —p, P 2 =/> 2 -2<?, -p' + lpq- 3r and 

P 4 =/? 1 —4p-<7 4- 2*7- 4- 4pr—4s. 

Substitution gives 2a 2 PY = P r— 4 s - 


Example 2. Find the numerical value of 2x 8 p 2 for the 
equation x 5 —3x 3 4-2=0. 

Here Sa 3 [3 2 = P 3 P 2 -P 5 . 

Dividing 5X 1 —9x 2 by x 5 —3.x 3 4-2. 

i 54 - 0 - 94 - 04 - 0 

0 4-04-154-04- 0-10 

3 1 4- 04-04- 04- 04-. 

0 1 4-04-184- 04-. 

0 I 4 - 04 - 04 -. 

— 2 1 4 ~ O 4 -. 

1 i 5 + 0 4-6-T6 4-18—104-. 

we have Pj=0, P 2 =6, P 3 =0, P 4 =18, P 5 = 10. 

Therefore Xa 3 (i 2 =10. 


Example 3. Find the numerical value of 2* 2 Py for the 
cubic x 3 — 3x 2 4-3x — 1 =0. 


As in example 1, 22a 2 PY=P 2 P x 2 — 2P 3 P! — P 2 2 4-2P 4 . 

Dividing 3x 2 —6x4-3 by x°—3x 2 4-3x— 1. 

3-64-3 
3 4-9-94-3 

-3 4-9-94-3 

4-1 4-9-94-. 

4-9 — -jj - - * 

1 ~3 4-34-34-34-34- 

■ 1 1 
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we obtain P 1 =P a =P 8 =P 4 = 3 . 

Hence 2a 2 pY=3. 

Or 2a 2 PY=aPY( a +P+T) =1 *3 = 3. 

EXERCISES XV 

Find the numerical values of 

(i) 2a 2 P 2 , («) 2a 2 p, (ill) 2« 2 pY ' 

for the following equations :— 

1. **+3jc*+3x*- 7=-0. Ans. 18 ; 9; -9. 

2. x 7 —1=0. Ans. 0 ; 0 ; 0. 

3. .x 3 —5x+l=0. Ans. 25 ; —50 ; 0. 

4. .x 4 —5.v l +2x 2 -.x—4=0. Ans. —14 ; 21 ; 21. 

§ 23. Order and Weight of a Symmetric Function. 

The weight of a symmetric function of the roots is the 
degree in all the roots, of any term of the function. The order 
of a symmetric function of the roots is the highest degree in 
which each root enters the function. Thus, for example, the 
weight of 2a 8 pV is 3+2+4 i.e., 9 and its order is 4. From 
the relations between the roots and co-efficients of an equation, 
it can be inferred that the degree in terms of the co-efficients 
/?i, p 2 , p z ...p n of the value of any symmetric function is equal 
to the order of the symmetric function. Thus, for example, if 
a, p, y be the roots of the cubic x^+p^+PiX+p^Q, then 

2a“P=3/? 3 PiPz’ 

The expression on the right hand side is of degree two in 
the co-efficients p v and p 2 . This is the same as the order of the 
symmetric function 2oc 2 (5. , 

§ 24. Homogeneous Products. The sum of all the sym¬ 
metric functions of weight r, which can be formed from any n 
letters is called the “sum of the homogeneous products of r di¬ 
mensions” of the n letters and is denoted by II. 

It follows from the definition that II is the co-efficient of 

V 

* r in (I+04X+04V4*.)(l+a 2 x+«2 2 x 2 -F.).- #l . 

V (l+a n x+a n 2 x*+.). 
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EXERCISES XVI 

1 Fvnress the sums of the homogeneous products of the 
roots in terms of the co-efficients of an equation and vice ve« . 

[Hint. 14- IIx+IIjc»+...s i + Pl x+ p a x*4-' 

2. Express II in terms of the sums of the powers of the 

r 

roots. \ 

[Hint. 14-11* 4-II* 2 +***= (l— a 1 x)(l— a 2 x)...(l —«n*) 

Take logarithmic differentiation]. 

3. Show that in the equation __ 0 

/fx)=*"+PiX n - 1 4-p 2 * n "' +. 

powers of y, of —r log [>’”/(—)]• 

Solution. Putting y for x in the identity 

«... 

Taking logarithms of both sides, we have 

log [y n /(— )]=log( 1 -«i y) 4-log(l — « 2 y) + (‘ 1 " a 3> -) + 

y . 4 -log(l—a.J’). (0 

Since log (l-ay)=-(a>'+-y 4- 3 + — 4* r +. 

P r 

the co-efficient of y r on the right hand side of (/) is - y- . 


Hence the result. 

4. Express the co-efficients of the equation 

/ n (x)=x n 4-PiX n "' 1 4-P2 xn ” 2 +.+Pn=0, 

in terms of the sums of the powers of the roots. 
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Solution. We have 


l+PO’+Pif+-+P«y n =y , 'f(j)=e oi[y " f( » )] 


= e -Pj'--2*J’*—3V-.- 


••• r 7 


=i-(P l f+^V+?-V+...) 

+|j(P 1 y+ |v+...) 4 -. 

Equating co-efficients of like powers of y y we get 

P P 2 

Pi=— Pi. ^3 = — 2 2 +'TT» and so on. 

5. Prove that^-L 

where a lt cc,, 03 .. a n are the roots of the equation f n [x)=0 . 

Show that 7 ^— = 2 ^ 77 — x where y== —. 

/nW /n(*r) 1— W * X 


Hence deduce that 


~ fl+tn— 1 

n= 2 %-v. 

m Jn \ a rJ 


6 . Express P 5 in terms of the co-efficients p l9 p 2 , p s ,...,p„ 
of the equation x n -\-p 1 x n - x -\-p 2 x n - 2 +...+p n —0 ; 

Express II in the same way and show that 

3 

- 9 - 6 = -5II 
dp 2 3* 

7. Calculate the value of II for the equation 

4 


x 5 —3*3—2*+4=0. 


/ 


Ans. 83. 




J , / o' &t i- 

ia ■ o 7/vp^ /- ,_•/ 

i a . / /^p.- . - / - c f\ '‘ 1 'V 

, ?, *^-C ."•/ ^ --*/■' 

•‘^ '' ,../. cVA ^ ^ t* , /l ' 


/ 

/ v- 


<^Av&'' x ' 


- r 


3* ' C* '-■ ;'■ X - -'>- -f a 

CHAPTER IV 
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Transformation of Equations 

§ 25. Given an equation, we ranbatons 
into another, whose roots shall have “r'am g tioa 

With the roots of the given equatmm The trans or £ other 

sx w, 

Z^rrSte^C^rwe <ha„ 1" methods for 
affecting elementary transformations. 

§ 26. To transform an equation into ' of the 

shall be equal in magnitude but opposite in sign to J 

**-rSu. 

Po* n +^ x +P = X + . +Pn 

Then Po x n +PS”-' +P**"- a + * V• +P ? X ^« ). 

we get p/'W-'+ff;-;! 1 '/+«„). 

=Po(* + a iH* + a iK* + a 3 )- ^ . . n x has 

The right hand side of this identity vanis e 

any of the values — «i» a 2 >.* a ”' 

Therefore, the required equation is 0 . 

Po x n -PiX n l +Pa x M 

Example. Transform the equation : 

x 7 -7x 6 -3x 4 +4x 2 -3x-2=0, 

into another whose roots shall be equal in magnitude but oppo- 
site in sign to those of this equation. 

Changing x into-x, we get the required equation 

— x 7 —7x® —3x 4 +4x 2 -|-3x —2=0, 
x 7 +7x fl + 3x 4 -4x 2 -3x+2=0, 


or 
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EXERCISES XVII 

Apply the transformation of § 26 to the following 

equations:— 

2 . *«—*4+x 2 —1=0. Ans. x 6 —x^x 3 —1=0. 

3 . ^s+3x 2 +4x- 1=0. Ans. &-3&+4x+l=0. 

3 x s_ x 34- x 2_i=0. Ans. x 5 —x 3 —x 2 +l=0. 

Solve the following equations which have some pairs of 
roots equal in magnitude but opposite in sign. 

. 5 . ^s_3x*—5 x 3 +15x 2 +4x—12=0. Ans. ±1, ±2,3. 
.6. x 3 — 25+x(x— 25)=0. Ans. -1, ±5. 


§ 27. To transform an equation into another whose roots 
shall be m times the roots of the given equation . 

Let 04 , a,,, 03 ,., be the roots of the equation : 

PoX n J rPiX n ~lA-P2 xTl 2 +. ±Pn = 0. 


Then 2 p r x n - r =p 0 {x-<x l )(x-* 2 ){x-cLs) .(x-a n ). 

f =0 

Changing x into x/m in this identity and multiplying both 
sides by m n , we get 

ft n 

2 p T m r x n ~ r =p 0 11 (x—a*m). 

r =0 *— 1 

The right hand side of this identity vanishes when 

x=m<x k , k= 1, 2, 3,.. n. 

Therefore, the required equation is 

p 0 x n +p 1 mx n_1 ±/yn 2 x r,-2 +. p n m n = 0 . 

The transformation is affected therefore, by multiplying the 
successive terms beginning with the second by m, m 2 , m 3 ,...m n . 

Example 1. Form an equation whose roots shall be three 
times the roots of the equation 

3x 5 -2x 4 +x 3 —x 2 +2v—1=0. 
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The required equation is 

^ 3;^—6x 4 +9x 3 —27x 2 +162x—243 = 0 ; 

x 5 -2x 4 -F3x 3 -9x 2 +54x-81 = 0. 

This transformation is helpful in getting rid of 
the fractional co-efficients in an equation, as will be seen from 
the following example. 

Exampte2. Transform the equation 

5x 3 -fx 2 -ix+l=0. 

into another with integral co-efficients and unity for the co-effi¬ 
cient of the first term. 



Multiplying the roots of this equation by m, we get 

x s — A wx 2 — 2 3 o ra 2 x + & m 3 =0. 

The least value of m for which the fractions will disappear 

is 10. 

Substituting 10 for m, we get the required equation 

x 3 —3x 2 — 15x+200=0. 

EXERCISES XVIII 

1. Form an equation whose roots shall be (/) five times, 
(ii) —6 times the roots of the equation : x 3 —4x--F ^x— 9 =0. 

Ans. (/) x 3 -20x 2 +¥x- i i i =0. 

(ii) x 3 +24x 2 +18x+24=0. 

2. Transform the following equations into others with 
integral co-efficients and unity for the co-efficient of the hrs 
term :— 

(0 x 3 +|x 2 -Mx+i = 0. Ans. x 3 +3x 2 +12x+54=0. 

(ii) 3x 4 -5x 3 +x 2 -x+l=0; Ans. x 4 -5x 3 +3x 2 -9x+27 = 0. 
(Hi) fx^-fix 8 —x+i=0. Ans. x 1 + 3x 3 -768x+ 1024=0. 

3. Show that the transformation of § 26 is only a parti¬ 
cular case of that of § 27. Hence form an equation whose roots 
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shall be equal in magnitude but opposite in sign to those of the 
equation x 8 —5x 3 —4x 2 4-4x4-7=0. 

§ 28. To transform an equation into another whose roots 
shall be reciprocals of the roots of the given equation. 

We have (as in § 27). 

2 p T y*- r =p 0 II (x—a*). 

r=0 Jfc=l 


• In this identity, put —for x and multiply both sides by 

X 

-x", then 


n 


n 


2 p r X r =p 0 II (1— afcX). 

r=0 fc=l 

The right hand side of this identity vanishes when 

Y— k=\ 0 3 
&-k 

Therefore, the required equation is , . t 

2 p r x r —0 i.e. p n x n +p n - 1 x n - 1 +p n - 2 x n - 2 + . 

r =0 


* 


. +PlX+Po=0. 

Example. Form an equation whose roots shall be the 
reciprocals of the roots of the equation : 

X 5 — 4x 3 +6 a- 2 —3x 4- 2=0 . 

Putting — for x and multiplying by x 5 , we have the 

X 

required equation, vis. 2x 5 — 3x?+ 6x 3 —4x 2 +1=0. 

EXERCISES XIX 

1. Apply the transformation of § 28 to the following 
equations (*) x 4 —3x 3 -fx 2 —x 4-5=0 ; 

(«) 4X 5 — 3x 4 -f2x 3 —2x 2 4-3x— 4=0 ; 

(Hi) x 6 —4x 5 4-3x 4 4-4x 3 4-3x 2 —4x4-l=0. 
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2. The roots of the equation 

81x 3 -18x 2 -36x+8=0. 

are in H. P. Transform it into another with integral co-efficients 
and unity for the co-efficient of the first term, so that the roots 
of the transformed equation may be in A. P. , ei _n 

3. Solve the equation of exercise 2, be solving the ^trans¬ 
formed equation. Ans * 3 ’ 3 ’ ** 

8 29 Reciprocal Equations. The equations that remain 
unaltered when the variable x is changed into its reciprocal 

are termed “Reciprocal Equations.” Such are, for example, 
the equations : 

(i) x 5 —5x‘ + 6x 3 —6x 2 +5x—1=0 

(ii) x 6 +6x 6 —3x 4 + 3x 2 —6x — 1=0, 

and (iii) x 1 -4x 3 +8x 2 -4x +1=0 
§ 30. To find the condition that the general equation of 
the n th degree may be a reciprocal equation. 

If the equation : /^x n +p,x n_1 +p 2 x n “ 2 +...+p n -i*+/ > n = 0> 
remains unaltered when x is changed into , it must be the 


same as the equation : 

P n X n +Pn-lX n ~ l -\~P n - oX n “ 2 + ... +/>i* + P 0 =0 

Comparing the co-efficients we, have 

Pn_Pl _P* __ Pr _ Pn-r _ = Pn-2_ = P«-l 

Pn"Pn -1 ” Pn -2 Pn-r Pr Pi Pi Po 

Hence p„ 2 =p 0 2 > so that p n =p 0 or —p Q . 

If Pn = Po- then Pn-l=Pl> Pn-t = P2* •••* Pn-r Pry • 

i. e. the co-efficients of the terms equidistant from the beginning 

and the end are equal in magnitude and of the same sign. 


U Pn= —Po, then P„-1=—Pi, Pn-2=— PfvPn-r —.~ Pr— : » 
so that the co-efficients of the terms equidistant from the begin- 
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In the latter case, if the equation be of an even degree 
sav 2m, the number of terms will be 2m+l, the middle term will 
bethe (m+l)‘ ft and its coefficient will be p m . Then we get 

p m = -Pm or 2p m =0 or p m =0 . 

The three equations given in § 29. illustrate the c0 * c "“ 
sions of this article. In equations (i) and (n) the cofficients of 
terms equidistant from the beginning and the end are equal in 
magnitude but opposite in sign. Equation (n) is of cv ®“ de Sff 
and is therefore, wanting in the middle term. In equation (in), 
the coefficients of terms equidistant from the beginning and the 
end are equal in magnitude and of the same sign. 


§ 31. Standard form of Reciprocal Equations. 

If the equation be of an odd degree, then one of the roots 

say a, must be its own reciprocal so that or a “ = l . .a—4-f 

or -1 i.e. (x-l) or (x+1) is a factor of/„(*). 

If the coefficients of terms equidistant from the beginning 
and the end have like signs, the equation is of the form 

P 0 X lm+1 +P l X 2m + • • • +PmX m+1 +Pr n X mJ r • • • +Pl*+A )= 0 

which can be writen as 

p 0 {x* m+1 + 1) +p x x{x* m - l + !)+••• +p m x m (x+ 1)=0. 

By substitution we see that -1 is a root and hence (x+1) 
is a factor of/„(x). 

If the co-efficients of terms equidistant from the beginning 
and the end have unlike signs, the equation is of the form 

Po X 2m+1 + PiX 2m + . • • +PmX m+1 -PmX m ... -P 1 X-/7 0 =0 

or p 0 {x°~ m+1 — l)+p 1 x(x 2m - 1 — 1)+... fPmfix- 1)=0 
which is satisfied by x=l and hence (x—1) is a factor otM x h 

In either case, the degree of the equation can be depressed 
by unity, by dividing/.(x) by (x+1) or (x-l) as the case may 
be. The depressed equation is a reciprocal equation ot an even 
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degree, the co-efficients of terms equidistant from the beginning 
and the end having like signs. 

degree and the co-efficients of terms equidistant from the be^Q- 
ning and the end be equal in magnitude but opposite in sign, 

the ^“ “n be x= " “.+ 

+. f - termS f Z X le x= + ? d and 6 ™‘ nS and n E£ 
$-1) i‘s “falt^of y ux). ' The degree of the equation 
can in this case, be depressed by two. The depressed 
equation is again a reciprocal equation of an even degreei v 
like signs of the co-efficients of the terms equidistant from the 
beginning and the end. This is the ‘Standard Form’ to which all 
xSprocai equations can be reduced. The process may be 

repeated if necessary. 

Example. Reduce the following reciprocal equations^ 
the standard form :-(■) 

(in) 7x 5 - Sx* - 2.X 3 - 2.x 2 - 5x+7=0. 

Equation («) is a reciprocal equation of an even degree with 
unlike signs of the co-efficients equidistant from the beginning 

and the end. 

Dividing the expression on the left by (*-— 1), 


1 

1 


6+5—44+ 0+44-5-6 
—6+ 1+43-43 — 1 + 6 
6—1—43+43+ 1-6 +0 
+ 6+ 5-38+ 5+6 1 
6+5—38+ 5+ 6+0 


we get 6x 4 +5x 3 —38x 2 +5x+6=0, 

as the standard form of the equation. 

Equation (») is of an odd degree, and the co-efficients 
equidistant from the beginning and the end have unlike sign . 
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The expression on the left has, therefore, to be divided by (x— 1) 
to obtain the standard form, 

7_5_2+2+5 -7 
1 +7+2+0+2 +7 

7+2+0+2+71 +0 

Thus the required equation is 

7x 4 +2x 3 +2x+7=0. 

Equation (w) is reduced to the standard form, when the 
expression on the left is divided by (x+ 1 ) 

7- 5- 2- 2- 5+7 
_1 - 7+12-10+12 -7 

7-12+10-12+ 7| +0 

This gives the equation 

7* 4 -12x 3 +10* 2 -12x+7=0. 

EXERCISES XX 

Reduce the following reciprocal equations to their standard 
forms :— 

1. x 5 —x 4 —x 3 —x 2 -x+l=0 . 

Ans. x 4 —2x 3 +x 2 —2x+l=0. 

2. x 4 +x 3 +x 2 +.t+ 1 = 0 . Ans. x , +a^+x 2 +^+I=0. 

3. A^ + .^ + X 3 —X 2 —X—1 = 0. 

Ans. x 4 +2x 3 +3x 2 +2x+l=0. 

4. a 8 +a 5 +a"‘—a 2 — x— 1=0. 

/ Ans. a 4 +a 3 +2a 2 +a+1=0. 

v/ 

§ 32. A Reciprocal Equation of the Standard Form can be 
reduced to an equation of half its dimensions. 

Let p 0 x- m +p 1 x 2m - 1 +p 2 x 2m - 2 + . +p m x m + . 

+P z x 2 +p 1 x+p 0 =0 

be the given equation. 


* 




THEORY OF EQUATIONS 


63 


Dividing by x m and re-arranging the terms, we have 

P„(*” , + 3n)+M X ”' 1+ T’'-> )+ ^ {X " 1 


m-2 


-2 )"T" 


1 


+Pm-liX + — )+P 

* \ 


m 


= 0 . 


In this equation, let x+~- be equal to z. 

A 

Then, denoting x r -h-- r by u r , we have the identical 

X 

relation : 

u r+1 =zu r —« r - x for x r+l + -p+r=(*+-£-> (* r + x f ) — ( A ‘ r_1 

Since u 0 =x°+^- = 2, and u l =x+j c =z t 

this relation enables us to calculate the values of u 2 , w 3 , u 4 . 

in succession. Thus 

Uo :==z Uq = 2 , 

w 3 =zm 2 -Wi=z 3 -3z y 
u 4 =zt/ 3 —u 2 =z i —4z 2 +2 ; 

and so on*. In general u r is of the rth degree in z. 

The equation p 0 u m +P\U m -i- > rPoU, n - 2 -\-...+p„,- l u l J rp m =0^ 
to which the standard reciprocal equation has been reduced 
is, thus, of the wth degree in z. 

To every root of this reduced equation in z, correspond 
two roots of the reciprocal equation. Thus, if k be a root of 
the reduced equation, the quadratic 

x+ ——k i.e. t x 2 —kx+1 =0, 

X 

♦Since x-f — = z,(x-=z 2 —4, or x—= V z-—4 

X ' X ' A 


Therefore u r =*'+A 
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V-A-^/k 2 —4 

gives the two corresponding roots- 2 the glVen 

reciprocal equation. 

Example. Solve the equation 

/(*)=4x 6 -24x 6 +57;c 4 -73;c 3 +57x 2 -24x+4=0. 
-which has some equal roots. 

Dividing /(*) by x 3 and re-arranging the terms, we have 

4 (* 3 +Jr)- 24 (x 2 +i)+ 57 (* +-^)-73=0. 

Putting x+ — =z, we get the cubic 

X 

F(z)=4(z 3 —3z)—24(z 2 —2)+57z—73=0 

or 4z 3 —24z 2 +45z- 25=0. 

If this has equal roots, F(z) and F'(z) have a common 
factor. This is found as follows 


—3 


3 )12—48+45 


4-16+15 

4-24+45-25 

4-10 

4—16+15 

- 6+15 

- 8+30-25 

- 6+15 

- 8+32-30 

X 

-n- 2 + 5 


2- 5 


1 


-2 


■ w 

Thus the H.C.F. of F(z) and F’(z) is 2z-5. 
Dividing F(z) by (2z-5) 2 , 

« get F(z)=(2z—S) a (z— 1). _ 25 +2 °~ 25 

Thus the roots of the equation 

F(z)=0. 4!4—4 

are f. f, 1 


-20+25 


1-1 


+ 0 + 0 


Therefore, the roots of the given reciproca l equa tion are : 

f+V*? 3 '* | +V ¥-4 l±Vir±: 

- 2 -’ 2*2 


i.e. 


2 , i, 2 , | 
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EXERCISES XXI 

Solve: 

1. 2x*-\- x 3 —6x 2 +x-l-2=0 Ans. 1, 1, — — 5. 

2. x*-5x A +9x 3 — 9x 2 +5x-l=0. 

An, 1 3 ±V5 1 ±iyl 

Ads. 1 ) 2 * 2 " 


3. x 6 -j-2x 5 +2x i —2x 2 —2x —1=0. 


Ans. 1,-1, 


— 1 •f-i'v/3 1 l±i\/3. 


2 ’ 2 

4. ax 6 -!- (6—aclx 4 — bcx 3 —bx 2 — (a — bc)x 4-ac=0, c 
being a root. 

A , , -b± x /b^Aa- 

Ans. c, 1, 1, 2 ^ 

§ 33. To form an equation whose roots shall be the squares 
of those of a given equation. 

Let oci, a„ cl, .a n be the roots of the equation 

f(x)=£p r x»-'=0 . 

r—o 


Then /(xjE^Ux-at) 

Changing x into—x in (/), we get 


... 0 ) 


/(-x)==2p r (—x)^ r =A,ll(-x-a fc ) 
r=0 *= r 


=(— D n Po II (*+a*). 

*i=l 


...(«) 


Multiplying (/) and (//), we have 

£'PrX n ~ r . 2(-l Y Pt x*-*=pf II (x 2 — a fc 2 ). 

r =0 r=0 r=l 

-\-Pb xn - t>J r • ••)* 

=p 0 \x* - a x 2 )(x 2 - «,*) (x 2 - a, 2 )... (x 2 - a„ 2 ). ‘ ... (/«) 
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The right hand side of (iff) is a function of x a , so also 
must be the left hand side. 

Replacing x 2 by x in (Hi), we finally obtain ^ 

P„V-(Pl 2 - 2 PoP^’" 1 t;. + i _1) ?r . 2) (iv) 

=p/(x-X*-“> >. ,x " '• K > 

The right hand side of (iv) vanishes when 

x=«%.fc= 

lherefore, the required equation is 2 

'’p„ 2 .v"-(p 1 i ‘-2p„p 2 )^' 1 +.+(-1) P" 

v Example. Form an equation whose roots shall be the 

S ^&olw-tf“=0. JJj ti 

The required equation is obtained by changing ** 

in the equation : ( ^W[_ 3 >,_3>-5) a =0. ^ ^ 

we thus have ^equation _ 5)2=Q 

, Ci x®—5x*—14* 3 —39x a —30x—25=0. (JO 

exercises XXII 

1. Form equations whose roots shall be the squares of 

those of the following equations . 

(C) ’ ' ^ X x‘-lx’-S^+5x+9=0. 

{e) x 2 +x+l=0. 

Ans. x 2 +x+l=0. 

2 If a B, v, S be the roots of the biquadratic 

* 4 —px^qx 2 —rx4--s=0, ^ 
form an equation whose roots shall be a , (S f y > • 

Hence find the values of 2x 2 and 2»*p Y« 
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§ 34 Cube Roots of Unity. 

™„ Tll ^ e,Uati0n t lI= T lbein 8 of the third degree, has three 
roots. These are the three cube roots of unity. 

We havex*-I=(*_l)(x*+x+l)=0. 

roots The equation *~ 1=0 gives unity as one of the three cube 

The other two are obtained by solving the quadratic 

*2+x+l=0. 

These are — 3 and are imaginary. 

If one of the imaginary cube-roots of unity be denoted by 

«.i2?r^ Cr ? f ° Und l ° be '^* Thus ^ ^ are the three 
cube roots of unity. 

The sum of the three cube roots of unity is zero. 

Moreover, w being a root of the equation x 3 =l, w 3 = ]. 

As an illustration of the use of the two results proved 
above, we shall find the continued product of 

... P + Q + R, P+ivQ+»v 2 R, and P+h^Q+hR. 

We have 

_D2 , am S P +»vQ + w 55 R) (P+« 2 Q + wR) 

z o-. t t” R'M-(vv+»v2)PQ + (+ »v 2 )QR+(w+u-2)PR 

P ~"i“Q“ + R“ — PQ—QR—PR, since »v 3 =l and »v+»v 2 = —1. 

, M^VPlying both sides by P + Q+R, we get 

(P +CH>R)(P +i V 2 Q + h>R)(P +wQ + w 2 R) = p 3 +Q3+R3_ 3PQR. 

Show that P 3 +Q 3 =(P+Q)(P+u’Q)(P+h , 2 Q) 
and P 3 —Q 3 =(P —Q)(P_h'Q)(P— w-Q). 

§35. To form an equation whose roots shall be the cubes 
oj those of a given equation. 


V 


Let the given equation f p r x n - r =0, whose roots are 

r==0 

a i» 03 .. a„ be written as 

(Pn + Pn-3 X 3 +p n +...)+ x(p„ _ x +/?„ ^X 3 +/?„ _,X 6 + ...) 

+ * 2 (Pn-2+P«-6* 3 +Pn- 8 X <l +.) = 0. 

l ’ e ' i° the form P+xQ+x 2 R=0, P,Q,R being functions of x 3 . 
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Then P+xQ+x 2 R=p„ II (x-cO- (') 

r—1 

Changing x into wx and w*x in this identity, we get 

P+wxQ 4-w*x*R =p 0 II (wx—a,), (») 

r=l 


and ?-\-w 2 xQ-\-wx 2 R—p 0 II (w 2 x—a r ) ; ( /,J ) 

r=1 

P,Q,R being functions of x 3 remain unaltered. 

Multiplying together (/), (//) and (/»)» we obtain 

P 3 -fx 3 Q 3 +x 6 R 3 -3x 3 PQR=Po 3 r ^ 1 ( x3 -«r 3 >- ( ,v ) 


Replacing x 3 by x in (iv)» we finally obtain 

(Pn+Pn-3- X +Pn-6^H--0 3 + ^(P«-l+Pt,-^-f-Pn-7^ 2 +--*) . 

+X 2 (p n -t+p n -sX +/> n - 8 X 2 + ..... ) 3 - MPn +P n -iX +Pn-f ■+ • 
{Pn-l+Pn-lX+Pn-!* 2 + • • •) (Pn -2 +Pn- 6 X+P»-6 X + — > 




EEPo 3 n (X-*S). (V) 

r=X 

The right hand side of this identity vanishes when 
x=a T 3 , r=l, 2, 3,. 

The required equation is, therefore, obtained by equating 

to zero the left hand side of (v). 

Example. Form an equation whose roots shall be the 

cubes of those of the equation : 

^ Zv 3 +3x 4 +4x 3 —2x 2 —3x-f-l=0. 

Here P=4x 3 +1, Q=3x 3 -3 and R=2* 3 -2. 

Therefore, the required equation is 
(1 +4x) 3 +x(3x—3) 3 -f x*(2x—2) 3 —3x(4x +1)(3x—3)(2x—2)=0 ; 
or 8X 5 - 69.x 4 +133X 3 +85x 2 - 3 3x +1 =0. 

EXERCISES XXIII 

Form equations whose roots shall be the cubes of the roots 

of 

1. x 4 —x 3 +2x 2 +3x+l=0. 

Ans. x 4 -Fl4x 3 -f-50x 2 +6x-Fl=0. 
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2. x*-l-3x 2 +2=0. Ans. 33x' 2 +12x+8=0. 

3. x 3 +ax 2 +bx+ab= 0. 

Ans. x?-\-a 3 x 2 +b 2 x~r(r l b :i =0. 

4. x 6 +x 4 +x 3 +x 2 +x+l=0. o 4 „ 

Ans. x 5 +* J —2* 3 -2x-+x+l=0. 

§ 36. To increase or decrease the roots of a given equa- 
[ tion by an assigned quantity. 

Let cq, a 2 , a 3 .a n , be the roots of the equation 


f{x)=^ Pr x n - r =0 , 

r—0 


so that /(x) =p Q II (x—a r ). 

r=l 

In this identity, change x into (x-f/j), then 
f(x-\-h) =p 0 II (x+/i-a f ). 

r=i 




The right hand side of (//) vanishes when 

x=a r —h ; r= 1, 2, 3.n. 

Therefore/(x+/i)=0, is the equation whose roots are each 
less by h than the roots of the equation /(x)=0. 


Again changing x into (x— h) in (/), we get 

f(x—h) = 0 

as the equation whose roots are in excess of the roots 01 the 
given equation /(x) = 0 by h. /(x+/«) and f{x—h) are most easily 
calculated by Horner's Contracted Process given in Chapter I. 


/ 


Example. Diminish by 2 the roots of the equation 
/(x)=2x 6 —2x 4 +3x 3 —2x 2 —x—5=0. 


We have to calculate /(x + 2) in this case. 


Employing Horner’s process, 
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2 

2- 2+ 3- 2- 1- 5 
+ 4+ 4+14+ 24+46 

2 

2+ 2+ 7 f 12+ 23+41 
+ 4+12+38+100 

2 

2+ 6+19+50+123 
+ 4+20+781 

2 

2+10+391+128 
+ 4+28; 

i 

2+14+67 


2 I + 4 ! 


2+18 

we get 2 a 5 +18a 4 +67a 3 +128a 2 +123a+ 41=0 as the required 
equation. 

EXERCISES XXIV 

1. Find the equations whose roots are those of the equa¬ 
tion 2a 5 +a 1 -3a 2 -a+2=0. 

—* (i) each diminished by 2, (ii) each increased by 4. 

_ (iii) each diminished by 1, (iv) each increased by 3. 

Ans. (i) 2 a 5 +21x 4 +88a 3 +181a s +179a+68=0 

(ii) 2.x 5 —39 a 4 +304x 3 —1 187a 2 +2327a— 1834=0. 

(iii) 2 a 5 +11a 4 +24x 3 +23x 2 +7a+1=0. 

(iv) 2a 5 — 29 a 1 4- 168a 3 —489a 2 +719a—427=0. 

2. Diminish by 3, each of the roots of the equation : 

A 5 —4a 4 +3a 2 —4a+4=0. 

Ans. a®+ 1 1x 3 +42a 3 +57a 2 —13a—60=0. 

3. Increase by 3/2 each of the roots of the equation : 

a 3 - -7—4-=° Ans. 4.x 3 — 1 8 a 2 +26a —15=0. 
4 4 

§ 37. To remove an assigned term from an equation. 

Let 0>„ (A)=2 n C r /7 r A n “ r =0 be the given equation. 

r=0 
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Diminishing the roots of this equation by /», we obtain the 


equation 


<fi n {x+h)= l "C r <tr{h)x n - r = 0, 

r =o 


where 0 f (/i)= 2 r C k ptJi r k . 

r = 0 

To remove any term, say the (r+l)th, we equate to zero 
the coefficient of that term. We thus get $r(") —0. 

This being an equation of the rth degree in (/»). f we V£ 
general, r values for h. To remove the said term, we diminish 
the roots of the given equation by any one of these r value . 
particular, when it is the second term that has to be removed, 

we have 


0 1 (/j)=/j o /i+Pi=O, 




Pi 

Po 


Thus, we have to increase the roots by-~- to remove the 


second term. 

Example 1 . Remove the second term from the equation 
/(x)=xM-12x 3 -10x 2 +5x-4=0. 

Here we have to increase the roots by 12/4 /. e. 3. 
Employing Horner’s process to calculate/(x—3), 


-3 

-3 

-3 

-3 



-10+ 5- 4 

-27+Ml-348 
— 37+116 -352 
-18+165 
-551+281 




we get the equation 

x 4 —64x 2 +281x—352 = 0. 



Asxhpt', 


b_ 
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Example 2. Remove the third term from the equation : 
^_10x 4 +30x 3 +5x-6=0. 

Here we put 0a(/*) or p 0 h 2 -{-2p 1 h-\-p 2 
i.e. /z 2 —4/i+3 equal to zero. 

This gives h=\, 3. 

To remove the third term therefore, we must diminish 
the roots of the given equation by either 1 or 3. Thus 


1 

1 


1-10+30+ 0+ 5- 6 
+ 1- 9+21+21 +26 

1- 9+21+21+261+20 
+ 1- 8+13+341 


1 

1 

1 


1- 8+13+34+60 

+_1 

1- 7+ 6+40 

+ 1- 6| 

1 - 6 .+ 0 

±j 

1- 5 


! 1-10+30+ 0+ 5- 6 
+ 3- 21+27 + 81+258 



1- 4- 3+18 
+ 3- 3-18 


+ 140 


1 - 1 - 6 + 
+ 3+6 
1+ 2j+0 

+ 3| 

1 + 5 


diminishing the roots by 1, we get the equation 

x 5 —5.x 4 +40.x 2 +60.x+20=0 ; 


and diminishing the roots by 3, we get the equation 

x 6 +5x 4 +140x+252=0. 


EXERCISES XXV 

Remove the second term from the following equations :— 

1. x°— 12x B +3x 2 — 17x+300=0. 

Ans. x®—60.x 4 —320.x 3 —717x 2 —773x—42=0. 

2. x 4 +8.x 3 +x—5=0 
Ans. x 4 —24x 2 +65.x—55=0. 

.x°+6.x 5 +7=0. 

Ans. x°—15x l +40x 3 —45.x 2 +24x+2=0. 


3. 
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Remove the third term from each of the following equa¬ 
tions :— 

4. x*_4x®—18x a —3x+2=0. 

Ans. x^x 3 -11 lx-196 = 0 or x*-Sx*+ 17x_8=0. 

5. 2X 3 —15x 2 +24x-7 = 0. 

Ans. 2x a +9x 2 —23=0 or 2x 3 -9x 2 +4=0. 

6. Remove the second term from the cubic equation 

PoX 3 +3 \p x x z +3 p 2 x +p 3 =0 • 

7. Remove the second term from the biquadratic equa¬ 
tion PqX x +4p x x 3 + 6p 2 x 2 + 4p s x +/> 4 =0. 

8. If 0 n (x)=/7 o x n -b n C 1 /7 1 x n - 1 + n C 2 ^ 2 x n - 2 +. 

• • • 4" n Cn-iPn-i x “1" "CfvPn, 

find the condition that the same transformation may remove 
from the equation 0„(x)=O, 

% 

(0 the second and third terms ; Ans. P 0 Pi—P\=Q- 

00 the second and fourth terms ; Ans. /V J />3“ - 3/ 7 oPiP*+2p 1 3= 0. 
(Hi) the second and fifth terms. 

Ans. />o 3 />4 —WPiPz + SPaPiPi ~ *Pi = 0 • 

9. Remove the second term from the equation 

x*+6x*+12x—19=0 

and hence solve it. Ans. 1, — 2+3w, — 2+3tv*. 

10. Remove the second term from the equations 
(0 x 4 +16x 3 +72x 2 +64x— 129=0, 

and (jj) x 4 +20x 3 +143x 2 +430x+462=0, 
and hence solve them. 

Ans. (i) _4±V[12±V145]. 00 -7, -3, -5±/3. 
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§ 38. Transformation in General. 

If a be a root of the equation/„(x)=0, then to form an 

equation whose corresponding root shall be 0(a), we have simply 

to eliminate a between the equations 

/„(a)=0 and x=0(a). 

The equation in x so obtained is the required equation. 

To get the new equation, we have first to connect the 
corresponding roots a, a' by a relation of the form a'=0(a). 

The relations between the roots and co-efficients of an 
equation set down in Chapter II are of much use in establishing 
suclya connection between the corresponding roots. 

/ A few examples will illustrate the method of procedure. 

\ / Example 1. If a, p, y be the roots of the cubic 

form an equation whose roots shall be (£—y) 2 » (Y“ a ) 2 » ( a ~ 

We have v ((S-y) 2 =P 2 +Y 2 -2Py - 


= (a+P+Y) 2 -2(ap+PY+Y*)- a2 - 


2a(iY 


a 


v/= — 6q a 2 + 


2r 

a 


The required equation is obtained, therefore, by eliminat¬ 
ing a between the equations : 

<x?+3qx+r=0 ; 

2r 


(0 


and 

or 


x=— 6q —a 2 -|- 


a 


a 3 +(x+6^)a—2r=0. 
Subtracting (/) from (»), we get 


m 


3 r 


or 


(*+3 9 )a=3r or «= 

Substituting this value of a in (i), we get 
27r 3 +3^(x+3#.3r+r(x+3^) a =0, 
x *-{-1 8?x 2 +81 q-x +27(40*+^)=0. 


r 
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This equation is called the ‘Equation of Squared Differences’ 
of the cubic x 3 + 3gx+r=0, and shall be of immense use to us 

later on. 

Example 2. If a, p, y be the roots of the equation 

x 3 —7x+6=0, 

form an equation whose roots shall be 

<x 2 + 3a-t-2, p 2 +3p + 2, Y' + 3y + 2. 


Here, we have to eliminate a between the equations 

a 3 —7a-f 6=0, (0 / 

and a 2 +3a+2=x or a 2 + 3a-f(2-x) = 0 * 00 

Multiplying (i7) by a and substracting (0 from it, we get 

3a 2 -h(9 — x)a — 6 = 0. 

From (/i) and (Hi), we have 


077) v 


a 


1 


-18-(2-x)(9-x) 3(2—x) + 6 (9-x)- 9’ 

so that ( 12 —3x) 2 = — x( —x 2 -f1 lx—36). 


On simplification, the transformed equation is 

x 3 -20x 2 +108x—144=0. 


Example 3. a, b, c are the roots of the cubic : 
x*+px 2 -\-qx+r=0 ; 


be c a a b 
form an equation whose roots shall be —-f £-» c * a ■ 


We have a-\-b-\-c= — p , ab-\-bc-\-ca—q and abc r. 


b . c Z> 2 +c 2 la4-fc4-c) 2 -2(flH />c-fCfl)-fl 2 > 


Therefore -+-"- =—7— = 
c d be 


abeja 


a(p l —2q—ar ) 
— r 


Hence, the required equation will be obtained by eliminat¬ 
ing a between the equations : 

a*+pa 2 -\-qa-\-r= 0, 0) 

x _ a ( a +2 q— PJl or a?+(2q—p z )a—rx= 0. 00 


and 
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Subtracting (ii) from (/'), we get 

pa 2 +(f?—q)a+r(l+$=0. (iif) 

From (i) and («/), we have 

4 a 2 -H/ 7 ?-/•-/■*) a-fr />=0 (iv) 


From (Hi) and (zv), we obtain 


rp(p 2 -q)-r(i+x){pq-r-rx) rq{\+x)-rp* 

1 

____ _ • 

~p(pq-r-rx)-q[p 2 -q) ’ 

hence 

[rq[\+x)-rp z ] 2 =[rp{p 2 -q)-r(\+x)(pq-r-rx)] 

[p{pq-r-rx)-q{p z -q)]. 

On simplification, this reduces to 

r 2 x 3 -\-(3r—pq)rx z -\-(3r 2 —5pqr-\-rp 3 -\-q 3 )x 

\pqr+2rp*~p*q*+2f)=0. 

which is the required equation. 

EXERCISES XXVI 


If a p, y be the roots of the cubic x?+px?+qx+r= 0, 
form equations whose roots shall be 


1 . 

3. 

5. 

Ans. 1. 

2 . 

3. 

4. 

5. 

6 . 


0 +Y Y+ a « + P 


a 


2 * 


p : 


2. £ Y, Y 2 * 2 , a 2 p*. 


a(P + Y), P(Y+ a )» Y( tt +P)* 
k k k 

— ’ rT’ " 

a P Y * 


4. a 2 , (S*. 

6. PY+^-» Y a -b-^» a PH- 1 


a 


p 


T* 


rx 3 {pq 2 —qr— 2rp 2 )x 2 -f (p* -f Apr—3p 2 q)x+pq— r=0. 

x 3 +(2 pr—q 2 )x 2 -\- ( p 2 r 2 — 2qr*)x— z 4 =0. 

x 3 — Iqx 2 + q 2 x + r+pr{x—q )= 0. 

x 3 +(ffi-3pq-\-3r)x-+{3r+q 3 —3pqr)x +r 3 =0. 

rx 3 + qkx 2 -f pk 2 x -f k 3 = 0 . 

rx 3 +q ( 1 - r)x 2 +p( 1 — rfx+ (1 — r) 3 = 0 . 
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7. If a, p, y, 8 be the roots of the equation 

x 4 -3x 3 4-2x 2 -3x4-l=0 

form the equation whose roots shall be a 3 4-a 2 +a +1 etc. 

Ans. x 4 —30 x 3 4-45x 2 =0. 

8. If a, p, y be the roots of the cubic 

Pox 3 4-3p, x 2 4-3/?2X+P 3 =0, 

form the equation whose roots are P4 ~y* Y+ a » <*4-p. 

9. Form the equation of squared differences of 

(i) x 3 -7x 4-6=0. Ans. x 3 -42x 2 4-441x-400=0. 

(ii) x 3 4-6x a 4-9x4-4=0. Ans. x 3 —18x 2 4-81x=0. 

10. If a, p, y» 8 be the roots of the biquadratic 

A)* 4 4- 4PiX*+ 6p*x*+4 p 3 x 4-/> 4 =0. 
form the sextic whose roots are 

P+Y* Y+ a > a +P> *4-8, P4-8, y4-S. 

§ 39. A General Method* for finding equations of 
‘Squared Differences* and ‘Semi-Sums’. 

Let a, p be any two roots of the equation /(x)=0. 

Choose h and k so that a=h+k and p=/j — k. 

We then have f{h-\-k)=0 and/(//— k)=0. 

Expandin gf(h 4- k) and f(h—k) by Taylor’s Theorem, we 
get 

m+rm+nh). ?-+...+/<« ></<) f”=o. « 

and m-f'm+f{h). jl-....+(-l)”/'"'(A)^"=0. VO 

HeDce, by addition and subtraction, from (/) and (/'/') we have 


•This method is due to Professor Biswas. 
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and 


f(h)+m£+fW-%r+ 

f{h)‘ 5T+ 


=0. 


= 0 . 


m 

(M 


Eliminating h between (/«) and (iv), we shall get an equa¬ 
tion in kr. 

Since /c=-^ i.e. k 2 = ( °^A replacing fc* by , we 

shaU get the equation of the ‘squared differences’ of the roots of 
the given equation. 

Again eliminating k between (hi) and (iv), we shall get an 

equation in h. Since/i=-^, this equation shall be the 

equation of the ‘Semi-Sums’ of the roots of the equation/(x)=0. 

The equation f(x)=0 shall have equal roots, if the equa¬ 
tion of ‘squared differences’ has a zero root. The same equation 
shall have roots equal in magnitude but opposite in sign, if the 
equation of ‘semi-sums’ has a zero root. 

Example 1. Form the equations of ‘squared differences* 
and ‘semi-sums’ of the cubic x 3 +^x+r=0. 

Here f(x)=x 3 +qx+r. 

There /(A) C =/i 3 -l-^-l-r,/ # ('0= W+qJ”(h)=6h and f{h)=6. 

We thus have the equations 


and 


(h z +qh-\-r)-\-~ 6/i=0 and (3h 2 +q)+^-.6=0 ; 
h*+(q+3k*)h+r=Q, 

3/**+te.+**)=0- 

From (/), we have #*s=fl*[flr*+3& f -l-&l*. 

k*4-q 

From (ii), we get h*= - . 


(0 

(«) 
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k* + q V W + 2q\> 

Hence r= -I-^-J 

X 

Replacing k 2 by -y,we get 

27r 2 +(x+4 <? )(x+ <7 ) 2 =0, 

or x s +6«7x 2 +9<7 2 x+4<7 3 +27r 2 = 0, 

which is the equation of the squared differences. 

Again eliminating k 2 from (/) and (//), we get 
h 3 +qh+r- 3/;(3/r 4 <?) = 0, 
or 8h 3 -\-2hq— r=0. 

The equation of the semi-sums of the roots of the cubic, 
therefore, is 8x 3 +2qx—r=0. 

N. B .—The equation whose roots are /?+y, Y+ a > a_ 
can be obtained by multiplying the roots of 8x 3 + 2c/x—r=0 by 

Hence it is x 3 -\-qx—r= 0. 

Example 2. Form the equations of ‘semi-sums’ and 
‘squared differences’ of the roots of the cubic 

8x 3 -12x 2 -18x+27=0. 

Here f(h) = 8/; 3 -12/; 2 -18/; + 27, 

so that /' {h) = 24/r—24/; — 1 8, /"(/;)=48/; — 24 and/"(/;)=48. 

We have, thus, the two equations 

(8A 3 — 1 2h 2 - 18/;+27) + -y (48/;-24) - 0. ...(/) 

and (24/; 2 —24/; - 18) + ^ .48=0. ...(«) 

o 

• 

Eliminating k z between (/) and (/;), we get 

2/; 3 —3/; 2 =0. 

Therefore, the equation of semi-sums is 2x 3 —3x 2 =0. 


lO- 
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Eliminating h between (i) and (//) viz . the equations 

8A 3 - 12/i 2 -f (24fc 2 — 18)A+(27- m ! )=0, ...(«/) 

and 12/i 2 —12/i+(4& 2 —9)=0, „ ...1*0 

we get l6/c a -72/c*+81A: 2 =0. 

Replacing k 2 by , the equation of the squared differen¬ 
ces is .x 3 —18x 2 -f 81x=0. 

Ex. Form the equations of semi-sums and squared differ¬ 
ences of the biquadratic x*+px 2 -\-qx+r= 0. 



CHAPTER V 


Location and Natare of the Roots of an Equation. 

§ 40. Descarte s Role of Signs. 

The number of positive and negative roots of the equation 
f*{x)= 0 cannot exceed the number of changes of sign in /„(*) 
and /„(—x) respectively. 

Let the signs of terms in the polynomial f n (x) be 
+ +-+ - + ~ 

We show that multiplication by a binomial whose signs 
are -j-introduces at least one more change of sign. 

Writing only the signs of the several terms in the multi¬ 
plication, we have 

-4- +-+ - + - 

-4- - _ 

+ + - + - + “ 

- + + + - - 4- - + 

Let us take the most unfavourable case viz,, that in which 
each ambiguity has been replaced by a continuation. We see 
that in the product, the signs before and after an ambiguity are 
unlike. Hence, whether we take the upper signs or the lower 
ones, the number of changes of sign will be the same. Taking 
the upper signs, the number of changes of sign in the product 
cannot be less than that in the arrangement 

4- 4--4- - 4- - 4- 

This series of signs is the same as the original one, with an 
additional change of sign at the end. 
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Thus, each factor (x—a) corresponding to a positive root 
a, introduces at least one change of sign. 

Now suppose K roots of the equation f»(x)=0, viz., 

*i. <**» « 3 ».a* are positive and the others are negative, zero 

or imaginary. Then 

fn(x)=(x oq) (X ttfl) (* “a) •••(^" a fc) 

F„_ fc (x) may or may not have any changes of sign, but its 

multiplication by (x—aj, (x—a,), (x— a 3 ).,(x—a fc ) introduces 

in the product / n (x) at least k hew changes of sign, so that 
f*{x) has at least k changes of sign. 

Therefore, the number of positive roots of / n (x)=0 cannot 
exceed the number of changes of sign in /«(*). 

Again, the roots of the equation f n {— x)=0 are equal in 
magnitude but opposite in sign to the roots of the equation 
/„(x)=0. Therefore, the negative roots of /,(x)=0 are the 
positive roots of /„(—x)=0* Hence the number of negative 
roots of /„(x)=0 cannot exceed the number of changes of 
sign in/ n (—x). 

It must be clearly understood that Descarte’s Rule 
of signs does not give us the exact number of positive or nega¬ 
tive roots of an equation, but gives only the superior limit for 
the number of such roots. Descarte’s Rule helps us also, in 
proving the existence of imaginary roots. For if p be the 
greatest possible number of positive roots and q that of the 
negative roots of an equation of the nth degree, then the equa¬ 
tion must have at least n—{p+q) imaginary roots. Zero roots 
are readily found to start with. 

Example. Show that the equation x*—3x 2 —x-f-l=0, has 
at least two imaginary roots. 

Let /(x)=x fl —3x 2 —x+1, 

so that /(—x)=x*—3x*+x+l. 

Now there are two changes of sign in /(x) and two changes 
of sign in/(—x). The equation /(x)=0 cannot, therefore, have 
more than two positive and more than two negative roots. 
There are no zero roots. Thus the given equation cannot have 
more than four real roots, therefore, it possesses at least two 
imaginary roots. 
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EXERCISES XXVII 

1. Show that the equation jc 7 —3x*-H 12xM-5x —4—0 has 
at least two imaginary roots. 

2. Show that if the signs of the terms of an equation be 
all positive, then the equation cannot have a positive root. 

3. Show that if the signs of the terms of a complete 
equation be alternately positive and negative, then it cannot 
have a negative root. 

§ 41. Theorem. In any interval ( a , />), a polynomial 
fn{x) with real co-efficients, changes continuously from f n (a) to 
/«(*>). 

Let c and (c-\-h) be any two values of .v in the interval 

(a, b). 

Then, by Taylor’s Theorem, we have 

/.(c+A)=/„(c)+,V'"W+ 2 A !/'.(c)+....+ *" ! /.'* ,( 0 ; 

so that by taking It small enough, the difference between f n (c+h) 
and f n (c) can be made as small as we please. To a small 
change in the value of x, there corresponds, therefore, a small 
change in the value of f n (x). Hence, as x changes gradually from 
a to b,f„(x) changes from f„{a) to /„(/>) passing through all the 
intermediate values. 

§ 42. Theorem. If fja) and /„(&) have opposite signs, then 
at least one root of f n (x)=0 lies between a and b. 

Since/„(x) is a continuous function of x and it changes 
sign as x changes from a to b, it follows that /„(x) vanishes at 
least once in the interval ( a , b). In other words, the equation 
/«(*)=0 has at least one root between a and b. 

But f n (x) may assume the value zero more than once in 
the interval (a, b). If/„(a) and f n {b) have opposite signs, / n (x) 

shall pass through zero an odd number of times in the interval 
(a, b). If f n {a) and f n (b) have the same sign then, either /„(x) 
does not pass through the value zero at all in the interval ia, b), 
or it passes through the value zero an even number of times. 
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Thus it is proved that if/„(<*) and f n {b) have opposite signs, an 
odd number of roots of f n \x)=0 lies between a and b ; and that 
if fn{a) and f n {b) have the same sign, either no root or an even 
number of roots of f n (x)= 0 lies between a and b. Equal roots 
count according to their multiplicity. 

Example. Show that the equation x 4 —1 2 jc*-1- 12jc— 3=0 
has a root between —4 and —3. 

Let/(x)=x 4 — 12x 2 +12x—3. 1+0-12+12 - 3 

Then /(—4) = 13, “ 4 -4+1 6-16 +16 

and /(—3)=—66. j 1-4+ 4- 4 || + 13 1 1 

Thus f{x) changes sign in j 1+0—12+12 — 3 

the interval (-4,—3). -3 | — 3 + 9+ 9 —63 

The given equation has, / j 1 —3— 3+21 || —66 || 

therefore, a root between —4 and —3. 

Ex. 1. Show that the equation x 4 — 12x 2 +12x—3=0 has 
a root between 2 and 3. 

Ex. 2. Show that the equation 4X 3 — I3x 2 —31x—275=0 
has a root between 6 and 7. 

§ 43. Every equation of an odd degree has at least one real 
root whose sign is opposite to that of its last term , the co-efficient 
of the first term being positive. 

Consider the equation 

/ n (x)=x"+p 1 x"- 1 +p t x"- 2 +.+p n =0, 

where n is odd. 

We have/ n (-cc)=-co,/„(<?) = p n and/ n ( + co) = + oo. 

If Pn is positive, f„(x) changes sign in the interval (—oo, o) 
and the equation has a negative root. 

\ip n is negative, /„(x) changes sign in the interval (o, co) # 
and, therefore, /„(x)=0 has a positive root. 

This proves the theorem. 

§ 44. Every equation of an even degree whose last term is 
negative and the co-efficient of the first term positive > has at least 
two real roots t one positive and one negative. 
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Consider the equation 

f n {x)=x n +p l x n ~ 1 +p i x r, - 2 -\- . 

where n is even and p n negative. 

We have/ n ( —oo)= + °o, f n {o)=Pn and/ n (-r-oo) = + ^. 

Since p n is negative, we see that /„(*) changes sign in the 
interval (—00, o) as also in the interval ( o, co). 

The equation /„(x)=0, therefore, has at least two real 
roots, one between —co and zero, which is negative , a 
other between zero and +co, which is positive. 

§ 45. Search for Real Roots of an Equation. 

Definitions. 

( I ) Superior Limit of Positive Roots. A number greater 
than each of the positive roots of an equation is called a superior 
limit of the positive roots. 

( II ) Inferior Limit of Positive Roots. A numbei less than 
each of the positive roots of an equation is called an inferior 

limit of the positive roots. 

til/) Superior Limit of Negative Roots. A number greater 
than each of the negative roots of an equation is called a 
superior limit of the negalive roots. 

(/v) Inferior Limit of Negative Roots. A number less than 
each of the negative roots of an equation is called an interior 
limit of the negative roots. 

(v) Superior Limit of Real Roots. A number greater than 
each of the real roots of an equation is called a superior limit ot 
the real roots. 

(vi) An inferior limit of real roots. A number less than each 
of the real roots of an equation is called an inferior limit of real 
roots. 

It is obvious that a superior limit of the positive roots and 
an inferior limit of the negative roots are respectively a superior 
and an inferior limit of the real roots of an equation. 
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thepotymmial leOIem ' ^ P ° SittVe nUmber h which renders 

/nW=l”+ft^ 1 +ftJ- ! +.+P„-,X+P 

Tosufe ZuTttZZiZfti fr * a the 

theeq?il?on ShiDg r ° 0tS ° f * he ^‘ion/„(*)=() by h, we get 

Mx+h)^+il!^Kn- 1+ fn^) f\(h) 

(/i—1)! ^(n-2)\ x + - + TT 

Tf / +in(A)=0. 

It now /; be such as to render the coefficients 

fn ir) {h), r=0, 1,2, 3,.n—1 

all positive, the equation /„(*+/,)=() shall have no positive root. 

than /T he ^r°, n ^(")= 0 Can * there ^ore, have no root greater 
tnan /i. Hence h is a superior limit of the positive roots of 

/«(*)=0. 

^ f n y value a of x renders positive each of the 

Ksaa , — 

For we have 

w-'(a) +1=?*.^» ( «)+ w +... 


+.«<« rn^essari^osTive^ ri8ht hand sMe being positive ' 

examp^ 6 meth ° d of P rocedure will be clear from the following 

the equation*' 6 ° f 

Here /(x)==.Y»-f 20* 7 -f4*«-|-1 \ x *— 12x 4 —72x+28. 

/ Cx)=8x'-f-140.x*-f-24A; 5 -f55;c 4 —4S* 3 —72. 
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f"(x) = 56x 9 +840x 3 + l2Gx 4 +22Qx»- 144.x 2 , 
y'"(x) = 336x 5 +4200.x 4 +480X 3 + 660.x 2 —288.x, 
f iv (x)= 1680.x 4 + 16800 .x 3 + 1440.x 2 + 1320.x-288, 
/« ( x)= 6720 x 3 + 50400x 2 +2880x+1320 ; and so on. 
Now f v (x) and all the succeeding derwatives ^e positive 
when x>0 ;f iv (x) is positive and so also are/ (x), / (• j 
/' (x) positive when x>l./(x) is positive when x>2. There 
fore 2 is a superior limit of the positive roots of the given 

equation. . . 

§47. As the roots of/ n (-x)=0 are equal in, 
but opposite in sign to those of/„(x)=0, an mfertor 1 mu of he 
negative roots of /„(x)=0 is a superior limit (with ns sign 

changed) of the positive roots of/„( — x)— u. 

As the roots of 




are reciprocals of the roots of/ n (x)=-0, an inferior limit ol the 
positive roots of/ n (x)=0 is the reciprocal of a superior limit 

of the positive roots of 


^(x)=°- 


A superior limit of negative roots of/(x)=0 is an inferior 
limit with its sign changed oi the positive roots o ; I 


EXERCISES XXVIll 

Find the superior and inferior limits of the positive and 
negative roots of the following equations : 

• 1. x 7 —x* 4 -x 6 +x 4 —3x 3 +4x 2 —x—1=0. 

2. x 6 4-4x 4 +2x 3 — 18 x 2 —36x—72- 0. 

3. x 4 —2X 3 —2x 2 — 15x—3=0. 

4. x 3 -4x 2 -5x+2=0. 

§ 48. A note on the separation of the roots of an equation.^ 
Suppose <Hx)=0 is the equation of ‘squared differences 
of th e roots of the equation/(x)—0. 
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Let kr be an inferior limit of the positive roots of the 
equation <j/ (x)=0 and s a superior limit of the positive roots of 
/■(x)=0. Then the difference between any two roots of /(x)=0 
is necessarily greater than k , so that between any two numbers 
/ and /-f k only one root of/(x)=0 can possibly lie. To find if 
a root of/(x)=0 does actually lie between / and l+k, we exa¬ 
mine, whether or not f (x) changes sign as x changes from / to 
l-\-k. If it does change sign there is one and only one root of 
f(x)=0 between / and l-\-k. If it does not change sign there is 
no root of/ (x)=0 between / and l+k. If/(/) or /(/+&) vanishes 
/ or l+k is itself a root. In view of these observations, we try 
in particular the series of numbers 

s t s—k , s—2k, s — 3k, .. t+k, t ; 

t being the inferior limit of the negative roots of /(x)=0. When 
k turns out to be small in magnitude, this method is useless in 
practice. 

Example. Separate the roots of the equation 

/(x)=x 3 -3x 2 —2*+5=0. 

To obtain the equation of squared differences of the roots- 
of the equation x 3 —3.x 2 —Zv+5=0, we have to eliminate It 
between the equations 

(ft 3 —3/i a —2/i+5)+ 2f (6ft—6)=0, (i) 

and (3/i 5 —6ft—2)+ 3 *- (6)=0, (ii) 

and replace k 2 by . We thus get the cubic 

z 3 —30r 2 +225r—473=0. (Hi) 

The equation whose roots are the reciprocals of those of 
(iii) is F(u)=473w 3 -225u 2 +30u-l=0 (iv) 

We have F'(w)= 1419w a -450«4-30, 
and F"(u)=2b38u—450. 

Now, F'(w) is positive when u is >£ ; 

F'(w) is positive when u is >f ; 
and F(m) is positive when u is >£. 
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Hence 3 is an inferior limit of the positive roots of (iii). 

Moreover /(x)=x®— 3x 2 —2x-f 5, 
f'(x) = 3jc 2 —6x—2, 
and /"(x)=6x—6, 

Hence /"(x)>0 if x > 1, 

/'(x)>0 if x > 3, 
and /(x)>0 if x > 3 5. 

Thus 3*5 is a superior limit of the roots of/(x)=0. 

Again /(- x)=x 3 + 3x 2 - 2x-5, 

/'(_x) = 3x 2 +6x—2, 
and /"(—x) = 6x+6. 

f(-x)J\-x) and /(-x) are all positive when x>l*5. 
Therefore, —1*5 is an inferior limit of the real roots of 

/(*)=o. 

We have, thus, to try the series of numbers 
3 5, 18, 0 1 and -16. 

On substitution, we find that 

/(3-5) = + ive, /(1*8) = - ive, /(O’ 1 ) = + ive 
and /(—1*6)=— ive. 

Therefore the roots of /(x)=0 lie in the intervals 
(—1*6, 0*1), (01, 18) and (18, 3 5). 

On closer examination, the roots are found to lie in the 
intervals (—16, —1), (1, 18) and (3, 3 5). 

Ex. Separate the real roots of the following equations 

(i) x 4 —7x 2 +18x—8=0. A ns. (-4, -3), (0, 1). 

(ii) x 3 —7x+7=0. Ans. (17, 1*6), (13, 1*4). (-4,-3). 
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§ 49. 


The Number of Distinct Real Roots of an Equs 




i iii 


n. 


‘Descartes Rule of Signs’, while so handy in practice, 
<3oes not help us in determining the exact number of the real 
roots of an equauon. The methods given by Budan, Newton, 
Waring, Fourier, Sylvester, and others have the same defect. 
Sturm’s method, which we shall now discuss, gives the epct 
number of the distinct real roots of an equation in any given 
interval. The method is rather laborious and is used only 
when the desired information cannot be obtained by the use 
of methods described in the foregoing sections of this chapter. 


§ 50. Sturm’s Functions. 

Let/(x) be any polynomial of degree n, and let /j(x) be 
its first derivative. Divide /(x) by /i(x) and let the remainder 
with its sign changed be denoted by f ? {x). Divide f x (x) by 
/ 2 (x) and denote the remainder with its sign changed by f^x) 
and so on. This process is similar to that of finding the 
H. C. F. of /(x) and / t (x), with this modification, that the sign of 
the remainder is changed every time it is obtained. The suc¬ 
cessive remainders go on diminishing in degree till we reach 
finally a remainder which is either numerical or divides the 
remainder immediately preceding it exactly i.e., without leaving 

a remainder. The auxiliary functions / 2 (x),/ 3 (x),/ 4 (x)../«(*) 

along with/(x) and f x {x) are called ‘Sturm’s Functions’. In the 
following discussion, for the sake of uniformity, we shall, 
sometimes, write/ 0 (x) for /(x). 

From the method of construction of Sturm’s Auxiliary 
Functions/ 2 (x),/ 3 (x) etc., the following relations hold between 
them 

fo(x)=q l f 1 (x)-f 2 {x), 
fik x )—q t fi{x) —fa(x) t 
fz{x)=q 3 f 9 (x)-f i (x). 


fk-i(x)=qtftix) -/* +1 (x) 


f m — 2 (x) j(x) fm{x) t 

where the q's are the quotients obtained in the process of divi¬ 
sion explained above. 
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§ 51. In our proof of ‘Sturm’s Theorem’, we shall need 
Lemma. —If a. be a root of the equation f(x)=0 and h a 
positive quantity so small that f(x)=0 has no root other than a 
in the interval ( x—h , a+/j), then f(x) and its first derivative 
f'{x) have different signs when x=a.—h and like signs when 
X=*+h . 

We have /(a-/»)=/(a)—/j/'(a)+!j ,/"(a)-., 

and />-/»)=/ / (a)-/»/' / (*)+ £/"'(«)-. 

If/'( a ) =5^0 as is the case when /(x)=0 has no equal roots, 
then since/(a)=0, taking h sufficiently small, we find that f(a—h) 
and /'(a) have opposite signs while/'(a— h) and/'(a) have the 
same signs. Hence f(a—h) and /'(a— h) have different signs. 

When a is a &-p!e root of /(x) = 0, 

/( a )» /'(*)» /"(a),., / <fc-1, (a) vanish and we have 

h k h k + l 

/(a h)=( 1) *£“, /«*>(«)+(- l) k+1 (fe +lj-! . 

and /'(a />) — ( l) k_1 { -^y T /<*>(«)+(-l)* +. 

whence it follows that/(a—/i) and/'(a—/i) have different 
signs. Similarly it can be shown that/(x+/i) and /'(a+/i) have 
like signs. 

§ 52. Sturm's Theorem states that the number of distinct 
real roots off(x)=0 in the interval [a, b) where a<b, is equal to 
the excess oj the number of changes of sign in the sequence 

/>(*), fi(x), f 2 (x), f 3 {x), . f m (x) 

when x—a over the number of changes of sign when x=b ; a and 
b being arbitrary but such that none of the Sturm's function's 
/o(*)> f\(x),f 2 {x), . fm{x) vanishes when x=a or b. 

The proof of Sturm’s Theorem is divided into two parts. 

Firstly, when f(x) = 0 has no equal roots. 

* n the last of Sturm’s functions is numerical, 

(t^O) ; for, otherwise/(x) and/ffx) will have a common factor 
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involving x and the equation /(x)=0 will have equal roots. 
Moreover, no two consecutive/’s can vanish for the same value 
of x, for, if they did, they and all their predecessors will have a 
common factor involving x, contradicting again the supposition 
that the equation /(x)=0 has no equal roots. Lastly, we observe 
that if any/*(x), k>\, vanishes when x=a, then, for values of 
x in the immediate neighbourhood of a,/fc- 1 (x) and /*+i(x) have 
opposite signs since for x=a they must be equal in magnitude 
but opposite in sign, as is apparent from the relation 

fk-li x ) = Qkfk{ X ) —fk+l( X ) \k>\. 

It may also be noted that the Sturm’s Functions being all 
polynomials in x with real co-efficients, are continuous and any 
^(x), k> 0, can change sign only by passing through the value 
zero. 

We show now, that the sequence 

fo[ x )» fl{. x )t fii x )» . tfm ( x ) 

loses one change of sign as x varies continuously from $—h to 
fi+h, p being a root of the equation /(x)=0 and h a positive 
quantity so small that none of Sturm's functions excepting /(x) 
vanishes in the interval (p— h, p-WO* We further suppose h to 
be so small that no root of /(x)=0 other than p lies in this 
interval. 

From the Lemma of §55 we know that /(p— h) and 
/dP— h) have opposite signs, while /(p-f/i) and /i(P+^) have 
like signs. Moreover, no other member of the sequence changes 
sign in the interval (p— h, p-WO- Hence one and only one 
change of sign is lost as x increases continuously from P— "to 

P+*. 

Let us now examine if there is any gain or loss of a 
change of sign as x varies from c —e to c+ e where c is a root 
of/k(x)=0, k^O, and e a positive number so small that no 
Sturm’s function other than/ fc (x) vanishes in the interval (c— e » 
c-fe). We have seen that in this case,/i-jlx) and /*+i(x) have 
opposite signs in the immediate neighbourhood of x=c. Hence 
whatever the signs of f k {x) may be when x=c—e and when 
x=c+e, no change of sign is either gained or lost by the • 
sequence. 
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Thus, it is proved that the sequence loses a change of sign 
only when x passes through a root of/(x)=0. 

As x varies continuously from a to b t therefore, the sequ¬ 
ence loses as many changes of sign as there are roots of the 
equation /(x) =0 in the interval (a, b). 

If any of Sturm’s functions vanish at the end points of the 
interval (a, 6), we can consider the slightly different range {a—h, 
b+h), h being a suitable small positive quantity. 

Secondly, when f(x) = 0 has equal roots. 

Let H be the H.C.F. of /(x) and its first derivative /,(x), 
then H divides each one of the Sturm’s functions without a 
remainder. 

Let f k (x)= H. F*(x), k= 0, 1, 2,.. m ; 

then the equation F 0 (x)=0 has the same roots ? as the equation 
/(x)=0, with this difference, that every root, multiple or other¬ 
wise of /(x)=0 occurs once and only once in the equation 
F 0 (x)=0. Moreove F 0 (x) and F^x) have no common factor 
involving x and no two consecutive members of the sequence 

F 0 (x), Fi(x), F 2 (x) .. F m (x) 

vanish for the same value of x. Corresponding to the relations 
of § 50, we now have 

F fc _i(x)=<? fc Ffc(x) F /;+1 (x), k — 1, 2, 3,. t m 1. 

The number of changes of sign in the Sturm’s sequence for 
any value of x for which no member of the sequence vanishes, 
is the same as the number of changes of sign in the sequence 

F 0 (x), F,(x), F 2 (x) .. F m (x). 

Hence, proceeding as in the first part of the proof, it can 

be shown that the sequence F 0 (x), F^x), F 2 (x),.,F,„(x) loses 

no change of sign in passing through a root of any F k (x)=0 
other than F o (x)=0. 

To show that one change of sign is lost as x varies conti¬ 
nuously from p — h to P4-/», where p is a root of F o (x) = 0 and h 
is a suitable small positive quantity, we notice that/(x) and 
/,(x) have different signs when x=p—//, and like signs when 
x=p-+-/i. Therefore, also F 0 (x) and F,(x) have diferent signs 
when x — p— h and like signs when x=p+/» and the theorem 
follows as before. 
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§ 53. Since in Sturm’s theorem, we are concerned only 

with the signs of the functions /(x),/i(x),/ 8 (x),.,/ m (x), any 

of them can be multiplied by a positive constant or even by a 
polynomial in x which remains positive throughout the interval 
{a,b). In a similar manner, we can divide out also by positive 
numbers or expressions which remain positive in the interval 
(< a,b ). These observations are very useful in saving labour. 

§ 54. We give some examples to clear up ideas. 

Exampe 1. Find the number of distinct real roots of 
the equation x 3 —3x+l=0 and locate them. 

Sturm’s Functions are calculated as follows :— 


/o(*)=* 3 “3*+l 

X 3 —X 

/i(x)=3x 2 -3 

Dividing by 3, we get 
x 3 — 1 

2 

-2x-f-l 
changing sign 
/ 2 (x)=2x-l 

2x 2 -2 

2x 2 —x 

x—2 

2 

1 1 

— 

1 —3 

changing sign 

/•(*>=3 


We have thus / 0 (x)=x 3 —3x+l. 

fi fx)=x 2 -l, 

/„(*)=2x-l, 
and / 3 (*)=3. 

For the calculation of the number of changes of sign lost, 
we use the following scheme : 

x /o(x) . /i(*) fM fM changes of sign 

-oo - + - + 3 

-}-oo + + 4- + 0 

This shows that the roots are all distinct and real. 

To locate the roots, we give arbitrary values to x and find 
by trial where a change of sign is lost. The superior and infe¬ 
rior limits of the real roots of the equation may first be found 
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with advantage. In the present case these are 2 and —2 res¬ 
pectively. Using the above scheme, we now have 


X 

fo(x) 

fl(*) 

fi(x) 

fax) 

changes of sign 

— 2 

— 

+ 

— 

+ 

3 

— 1—e 

+ 

+ 

— 

4- 

2 

0 

+ 

— 

— 

+ 

2 

1—8 

— 

— 

• -H 


1 

l-be 

— 

+ 

+ 

+ 

1 

2 

+ 

+ 

-±- 

+ 

0 


Thus the roots lie between ( — 2, —1), (0, 1), and (I, 2). 


Example 2. Find the number of real distinct roots of 
the equation x 8 —2x 5 —4x* + \2x 3 -3x*—\Sx+ 18=0, and locate 
them. 


Sturm’s functions are calculated as follows* :— 


fo 

1 — 
6 

2- 4+ 12- 

3- 

18 + 

18 

1 i 

6— 

12-24+ 72- 

18- 

108 + 

O 

oo 


6- 

10-16+ 36- 

6- 

18 




2- 8+ 36- 

3 

12- 

90 + 

108 

-1 

— 

6-24+ 108 — 

36- 

270+ 

324 


— 

6+10+ 16- 

36+ 

6 + 

18 



2)—34+ 92+ 

0- 

276 + 

306 



-17+ 46+ 

0- 

138+ ’ 

153 

ft 


17- 46+ 

0+ 

138- 

153 



7 




-17 


119- 322+ 

0+ 

966- 

1071 



119—1734 — 

357 + 

5202 




1412+ 

7 

' 357 — 

4236- 

1071 

1412 


9884 + 

2499-: 

29652 ^ 

7497 



9884- 

144024 — : 

29652+43 

2072 



146523 ) 146523 + 

0—439569* 

. ! 



1 + 

0- 

3 

f* 1 



-1 + 

U+ 

3 


* For want of space, the left and 
separately. 


right sides in the process arc given 
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51- 85—136+ 306- 51 

51-138+ 0+ 414-459 _ 

53-136- 108+408- 153 
51-138+ 0+414- 459 

2+ 2- 108- 6+ 306 

17 _ 

34OT34-i836-102+5202 
34— 92+ 0+276— 306 

— -AO 


lnW-nMS -378+5508 

. --- zn —T“" 


7- 102- 2 1+ 306 


■=7^102+ 21- 306 

—7+ 0+ 21 _ 

102+ 0- 306 
102+ 0— 306 


k 

7 

-102 


Thus/ 0 <x)=x»-2x s -4xM-12x»-3x‘-18x+18. 

Sx 4 —S^+lSx 8 —3x 9, 

/ 2 (x)= 17.x 4 —46x s +138x -153, 

/a(x) = _ 7x 3 +1 Olx 2 +21 x - 306, 

/ 4 (x)=-x 2 +3. 

This shows that/(x)=0 has equal roots^ Pro^ediu^ as 
amDle 1, we have, now, the following scheme of signs. 

klx) 


.X 

f(x) /i(x) 

MX) 

ft 

— 00 

+ 

+ 

-2 

+ - 


0 

+ - 

■ 

2 

+ + 

V 

-r 

00 

+ • + 

+ 


kM 
+ - 
+ - 
— + 

+ 


changes 

3 

3 

2 

1 

1 


The given equation has, therefore only two « 
roots and they lie in the intervals (-2, 0) and (0, 2). 
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Since the H.C.F. of/(x) and /,(.v) is x 2 — 3, the real roots 
of the equation are — \/3, —y/\ \/3, \/3. 

The remaining two roots are imaginary. 

EXERCISES XXIX 

Determine the number of the distinct real roots of the 
following equations and locate them :— 

1. x*-x 2 -10x4-1=0. 

Ans. 3; (-3, - 2), (0, 1), (3, 4). 

2. x 5 - 5x‘ 4- 9x 3 - 9x 2 4- 5.v -1=0. 

Ans. 3;(0, 1—=). (l-e, 14-s), (2, 3). 

3. x 4 — 2x* — 3x 2 4- 1 Ox—4 = 0. 

Ans. 2 ; ( — 3, —2), (0, 1). 

4. x 4 —5x 3 4-9x 2 —7x4-2 = 0. 

Ans. 2 ; (0, 1 4- s )(l4-e, 24 -c). 

5. x 5 4-2x 4 4--x 3 —x 2 —2x— 1 =0. 

Ans. 2; (0, 14--) (-l-e, 0). 

6. x 5 4-3x 4 4-2x a —3x 2 —2x —2=0. 

Ans. 1 ; (1, 2). 

7. x 4 —5x 2 4“ 8x —10=0. 

8. 2x® — 18x 5 4- 60x* -120x 3 - 30x 3 4-18x - 5 = 0. 

Solution. The Sturm’s functions are calculated as 
follows :— 

/2—184-60—120— 304-18- 5 6)12-904-240-360-604-18 
2—154-40- 60— 104- 3_ i 2-154- 40— 60-104(- 3*/' 

- 34-20- 60- 204-15- 5 

_2_| 

-3 - 64 40-120- 404-30-10 

- 64-4 5-1204-1804-30- 9 
_- 54- 0-2204- 0 -1 

A ^ 54- 0 1-2204- 04- 1 
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We notice that / s ,(x)=5x 4 +220* 2 -H is positive for all real 
values of x. Since division by a positive quantity is permissible 
in the calculation of Sturm’s functions, we may take/ 2 (x)=l and 
further calculation ends. The changes of sign are given by the 
following scheme :— 


X 

fix) 

/i(*) 

M*) 

changes 

00 

+ 

— 

+ 

w 

1 

+ 

— 

-4- 

2 

0 

— 

+ 


1 

5 

— 

+ 

+ 

l 

6 

+ 

+ 

i 

+ 

0 

CO 

4- 

+ 

+ 

0 


Thus there are two real distinct roots, one between I 
and 0 and the other between 5 and 6. 

9. x*—x s +4x®—3x+2=0. 

10 . 8x 4 -f4x 8 -18.x 2 +llx-2=0. 

§ 55. To find the conditions that the roots of the equation 
f(x)=0 may be all real and distinct. 

Let the given equation be of the nth degree in x, and let 

f(x),fi(x), /,(*). />(*)../■(*) be the sequence of Sturm’i 

functions for the equation. 

Since each of these functions is of a degree lower than 
its predecessor, the number of Sturm's functions cannot exceed 
(h+ 1). If all the roots of /(x)=0 are real and distinct the 
sequence must lose n changes of sign as * varies from — co to 
-j-oo. It is, therefore, necessary that the number of Sturms 
functions for the equation/(x)=0, be exactly (n+1). Moreover,, 
it is essential that for x-^—co, the signs of Sturm’s functions 
should be alternately positive and negative and for x-^-f co 
there should be no change of sign in them. For these conditions 
to be satisfied, it is sufficient if the leading terms of Sturm’s 
functions have coefficients of the same sign. It is easily shown 
that these two conditions are sufficient also. 
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When the sequence of Sturm’s functions has («+l) mem¬ 
bers it shall be said to be ‘complete*. 

Example 1. There are k changes of sign among the co¬ 
efficients of the leading terms of a complete Sturmian sequence, 
show that the equation has 2k imaginary roots. 

We notice that when x ->• — go or + oo, the signs of 
Sturm’s functions depend upon the signs of the coefficients of 
their leading terms. If there are k changes among the signs of 
these coefficients, there shall be k changes of sign in the Stur¬ 
mian sequence for x->+co and (/i— k) changes of sign when 
x -+ __ oo because in the latter case each continuity is replaced 
by a discontinuity and vice versa. Thus, the equation shall have 
n—2k real roots all different and therefore 2k im lginary roots. 

Example 2. If /(x), /,(x), f,(x) .,/Jx),. JJx) be 

Sturm's functions corresponding to the equation /(x) = 0, show 
that the number of real distinct roots of /*(x)=0 is not less 
than the number of changes of sign lost (or gained) by the 

sequence/ fc (x),/ A:+1 (x),/ fc+2 (x),.,/,„(*) as x varies from —oo 

to +oo. 

Here, we consider the relations 

fk( x ) = ( ]k+lfk+l( X ) /*+*(*), 
fk+i{ x ) = Qk+2fk+°( x ) fk+${. x )i 


when /(x)=0 has no equal roots or the relations 

F*(x) = <7fc+iF fc+ i(*) - F„ +2 (x), 


F m— 2 (x) — *7m—iF „,_i(x) F m (x), 

where the F’s are obtained by dividing the/’s by H, the H.C.F. 
of/(x) and/i(x), when/(x) = 0 has equal roots. 

Proceeding as in the proof of Sturm’s theorem, it can be 

shown that the sequence f k (x), . , /,„(x) can neither lose nor 

gain a change of sign as x passes through a root of any of the 
equations /,(x) = 0 or F t (x) = 0, t=k + 1, k+2, ., m — 1. 
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A change of sign can be lost or gained only when x passes 
through a root of/*(x)=0 or F*(x)=0. 

This proves the proposition. 

As corollaries of the above, we have 

(1) If f&[x)= 0 has no real root, then the sequence of 
Sturm’s functions need not be prolonged beyond f k {x) * 

(2) If all the roots of /(x) =0 be real and distinct; then 
all the roots of/*(x)=0 are also real and distinct. 

EXERCISES XXX 

1. If the equation _/*(x)=0 has q imaginary roots, show 
that the equation /(x)=0 has no less. 

2. If the signs of the leading co-efficients in a quintic f{x) 
and the Sturm’s functions / 3 (x) and f 2 (x) be -f, — and + res¬ 
pectively, find the number of real roots of the quintic. 

3. If /*(x)=0 has roots equal in pairs, show that Sturm’s 
functions beyond /*(x) need not be considered. 

4. Locate the roots of f(x)=x*—5x i + 8x-f10=0 without 
finding Sturm’s functions beyond / 2 (x). 

[Hint. The equation / 2 (x)=5x 2 —12x—20=0 has two 
real roots a and 3; a between —2 and — 1, and 3 between 3 
and 4. Consider, therefore, the changes of sign lost by the 
sequence/(*),/i(x),/ 2 (x) in the intervals 

(-oo, «-«), (a+ e , 3— £ ), (3+ e » co) 
where s is a suitable small positive number. 

5. If functions be formed in the manner of Sturm’s func¬ 
tions by using an arbitrary polynomial 0(x) in place of/i(*), 
the degree of </.(x) being less than that of /(x), where does 
Sturm’s method fail ? Hence state the basic idea in the proof 
of Sturm’s theorem. 
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6. If/*(x) is a complete polynomial with terms alter¬ 

nately positive and negative, show that in determining the 
negative roots of /pc) = 0, Sturmians beyond f k (x) may be safely 
ignored. 

State a similar result for positive roots of/( a)=0. 

§ 56. Nature of the Roots of an Equation. 

Sturm’s Theorem can be used with advantage in determ¬ 
ining the nature of the roots of an equation. Here we consider 
the Quadratic, Cubic and the Biquadratic. 

(i) Let f(x) = x 2 -\-2bx+c=0. 

The Sturm’s functions are f(x)=x 2 +2bx+c, 

fi(x)=x+b 

and f 2 (x)=b 2 —c. 

The roots are both real and distinct, if b-—c is positive, 
for then we have the following scheme of changes of sign :— 


X 

fix) 

fM 

/*(*) 

change 

— co 

+ 

— 

4- 

2 

4-co 

4- 

+ 

4- 

0 


(ii) Consider now the cubic 

x 3 -f 3ax 4-6=0. 

Sturm's functions, in this case, are 

f(x)=x 3 + 3ax-\-b, 

' fM=x*+a t 

f 2 {x) = — 2ax—b , 

/a(*)=—4a 3 -6 2 . 

[To find / ? (x), before dividing f x (x) by / 2 (x), we multiply 
f\{x) by 4 a 2 which is a positive quantity]. 

The roots shall be all real and distinct if the coefficients 
of leading terms in f(x), /,(*), f 2 (x) and / 3 (x) have the same 
sign ; i.e. if 2 a and (4a 3 +6 2 ) are both negative. 

/ 

/ 

/ 


/ 
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Two roots shall be equal if 4o 3 +fc 2 is equal to zero. 

All the three roots shall be equal if a =0 and 4a?+b 2 =0. 

Iftf>0,/ 2 (x) and/ 8 (:c) need not be taken into account, 
and we have the following scheme of changes of sign :— 


X 

fix) 


changes 

— 00 

— 

+ 

1 . 

0 

b 

+ 

9 

• 

00 

4- 

+ 

0 


Thus, if a is positive, the cubic has only one real root which 
is positive if b is negative and negative if b is positive. 

Ex. 1. What happens when a <0 and 4a 3 -}-6 2 >0 ? 

Ex. 2. Find the nature and signs of the real roots of the 
cubic when n=0. 

Ex. 3. Find the conditions that the cubic may have two 
positive roots and one negative root. 

Ans. 6<0,4a 3 -f6 2 <0. 

Ex. 4. Find the conditions that the quadratic 

x 2 4-2^H-c=0, 
may have two positive roots. 

(iii) Let the biquadratic be put in the form 

.t 4 -}- 6H* 2 +4G.x+ (I —3H 2 )=0. 

Then the Sturm’s functions for the biquadratic are 
f(x) =x 4 +6Hx 2 + AGx + (I —3H 2 ), 
/ 1 (x)=x 3 +3Hx+G, 

/ 2 (x)=—3Hx 2 —3G.v—(I—3H 2 ), 

/ 3 (*) = (IH-3G 2 -12H 3 );c-IG. 


To find/ 4 (x), we have to divide f 2 (x) by f s (x) and change 
the sign of the remainder. Now the remainder is the same as 


the value of f 2 (x) when x= 


IG 

iH-3G 2 -12H* 



THEORY OF EQUATIONS 


103 


For convenience, we write 

IH —G 2 —4H 3 =J. 

Then IH —3G 2 — 12H 3 = 3J —2IH. 

Hence we may take/ 4 (x) 

= 3H ^3J-^IH ^ +3G (3J-2IH^ + I 


— 3H a 


or multiplying by the positive number (3J -21 H) 2 , we may take 

/ 4 (x) = 3Hl 2 G 2 + 3IG 2 (3J —21H)4-(1 —3H")(3J —2IH) 2 

=9J 2 (I-3H 2 )-3IJ(4HI-12H 3 -3G 2 )-3HI 2 G 2 +4IW^ tH4 

=9J 2 (I—3H 2 )—3IJ(IH+3J)+1 2 H(4IH—3G 2 — 12H 3 ) 

= 9J 2 (I-3H 2 ) + I(IH-f3J)(IH-3J) 

= H 2 (I 3 -27J 2 ). 

Since H 2 is positive, we can take finally 

/ 4 (x) = i 3 -27J 2 . 

All the Sturm’s functions are thus found. We now proceed 
to consider the nature of the roots of the biquadratic. 

(A) All roots real and distinct. The required conditions 

are H<0, 3J-2IH>0 and 1 3 -27J 2 >0. 

(B) Two roots real and distinct. In this case, we have the 
scheme 

/«, m /,« 

+ + -H 3J-21H tl 3 -27J 2 ) 

There shall be three changes of sign in the first row and 
one in the second if l 3 —27J 2 <0 

and cither H<0 or 3J — 2IH<C0. 

(C) All the roots imaginary. In this case, we must have 
equal number of changes of sign in the two rows. Hence the 
required conditions are I 3 —27J 2 >0 and H>0 ; or 3J— 21H<0. 

(D) Two roots are equal when l 3 — 27J 2 =0. 


x 

— co 

+ CO 
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(E) Three roots are equal when 3J-2IH=0 and JG=0r 
and/ 2 (x)=0 has equal roots ; 

i.e. when IG=0, 3J=2IH and 9G 2 = 12H(I—3H 2 ). 

The last condition requires that 3J+IH=0. 

Thus the required conditions are 1=0 and J=0. 

[H=0 makes J=0, G—0 and 1=0 which are the condi¬ 
tions for four equal roots]. 

Ex. 1. Find the conditions for two distinct pairs of equal 

roots. 

Ex. 2. Find the conditions that the biquadratic may have- 
two positive and two negative roots. 

Ex. 3. Discuss the nature of the roots of 

x 4 —9x 2 -f3x—2=0. 



CHAPTER VI 


Solution of Numerical Equations 

§ 57. Theorem. An equation with integral coefficients and 
unity for the coefficient of the first term , cannot have a commen¬ 
surable root which is not an integer. 

If possible, let ^ , a fraction in its lowest terms, be a root 
of the equation : 

x n +p l x n ~ l +p 2r x n - 2 + .+p„ = 0, 

where the p's arc all integers. 

Then, we must have 

t M:rv;r+-MT)+^ ft 

Multiplying by b n ~ l , we get 

— =Pia n ~ l -\-p 2 a"- 2 b+p 3 a n - 3 b 2 + ...+p n _ l ab n -*+Pnb n - 1 (1). 

Since a and b have no common factor. 

a n 

b 

is a fraction in its lowest terms. 

But, each term on the right hand side of (1) is an integer. 
The above relation is thus absurd. 

Hence ^ is not a root of the given equation. 

The real roots of the said equation are, therefore, either 
whole numbers or are incommensurable. 
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§ 58. Newton’s Method of Divisors for obtaining the 
integral roots of an equation. 

Suppose h is an integral root of the equation ^ 
f{x)=a 0 x n +a 1 x n ~ 1 +a 2 x n ~ 2 +... +a n - 1 x+a n =0, (0 

•where the a’s are all integers. 

Let the quotient when f(x) is divided by (x— h), be 
b 0 x n - 1 +b l x n ~ 2 + V n_3 +. 1 - 

Then 


2 a r x n ~ r ={x—h) 2 b K x 

r== o k=Q 




{ 

r 


Equating coefficients of like powers, we have 

a o = b 0 , 

a x =b x —b 0 h t or a x —b x ——b Q n ; 

a 2 = b 2 —b 1 h, or a i —b 2 ——b 1 h; 

a r =b r —b r - x h t or a r —b r =—b r - x h ; 

Qn—i = bn—\ b n - 2 h f Or O, I—I b n —vh , 

and a n =—b n - x h. 

It is evident that all the h’s are integers. Also, from the 
last of these equations, it is clear that a n is divisible by h, the 
quotient when a n is divided by h being —b n - v The last but 
one equation shows that the sum of the second coefficient from 
the end in the given equation and the quotient obtained by 
dividing a n by /;, is again divisible by h, the quotient being 
—b n - 2 and so on. Continuing this process, the last quotient 
thus obtained will be —b Q or which is the same thing — a 0 . If 
we perform the process here indicated with all the divisors of 
a n , positive as well as negative, then those of the divisors 
which satisfy the above conditions, giving integral quotients at 
all steps and a final quotient equal to — j 0 , shall be the integral 
roots of/(x)=0. Those which give a fractional quotient at any 
stage are rejected outright. 

When a 0 = 1, we know from the Theorem of the preceding 
section, that the integral roots so determined are the only com¬ 
mensurable roots of the given equation. To find all the com¬ 
mensurable roots of any equation with integral coefficients, we 
must, therefore, first transform it into another with integral 
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coefficients and unity for the coefficient of the first term. (c/. 
§ 27, example 2). 

§ 59. Newton’s Method of Divisors is most conveniently 
employed by arranging the process as follows :— 

On + O n _ 1 +rt„- 2 +O n -3 +a 0 

— b n -1 bn--> ^ n-3 ••• ^2 ' ^0 

^hbn-y — hb n - 2 — hb n - 3 —— — hb 1 — hb 0 — 0 

In the first line are written the succeessive coefficients 

£f 0J a„ a 2 ., a n in the reverse order of their occurrence. The 

first figure in the third row is the same as the one in the first 
row. The figure ( — £„_,) is obtained by dividing the first figure 

in the third row by h. This is placed in the second row under 

a n - x and gives on addition, to it the second figure ( — /!&„_«,) in the 
third row. Any figure ( — 6 r , say) in the second row, is obtained 
by dividing the preceding figure in the third row, viz. —hb rt by 
h. Any figure say — hb, in the third row is the sum of the two 
figures a r+1 and — b r+l above it. If h be a root, the last figure 
in the second line will be — a 0 . This shall give zero as the last 
figure in the third row. 

When we succeed in showing in this manner that an integer 
h is a root, the next operation with any divisor, may be perform¬ 
ed not on the coefficients a n , a n _ lt a n _ 2 ,....... o ? of the original 

polynomial but on those of the second line, for these are the 
coefficients (in the reverse order with all signs changed) in the 
quotient when the original polynomial is divided by ( x—h ). The 
divisors ± 1 of a n need not be included among the trial divisors. 
It is more convenient before applying the method of divisors, 
to find whether either of these is a root of the equation. 

§ 60. If h be an integral root of the equation : 

f(x)=i a r x"- r =0, 

r =0 

then, we have as before. 


f(x) = {x—h) 'Zb h x n ~ k ~ x . 

k = 0 
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In this identity, if for x we put some positive or negative 
integer r, we get 

* f{t)=[t-h) 2 V"”* -1 . 

k =0 

showing that / (r) is exactly divisible by (f— h) or what is the 
same thing by (h—t). In particular by putting t= 1, we see that / 
(1) is exactly divisible by (A— 1) ; and by putting /= —1. we find 
that y (—1) is divisible by (/j-f-1). 

Before testing any divisor h for a root, therefore, we sub¬ 
ject it to the above conditions. Those of the divisors that fail to 
satisfy these conditions, are discarded at the very outset. Con¬ 
sidering the superior and inferior limits of the real roots of 
/(*)=0, some more of the divisors may possibly be discarded. 

Some of the integral roots of f(x)=0 may be equal. When 
an integer h has been found to be a root of/(x)=0 by Newton’s 
method of divisors, it may be tried again with the coefficients of 
the reduced equation. It may be noticed that if h be a m-ple root 
of/ (x)=0, a n must be divisible by h m ~ x . 

Example 1. Find the integral roots of the equation : 
f(x)=x*+x*- 2x 2 +4x-24=0. ( j 

Here /(0) = -24, /( 1 )=-20 and /( -.1) = - 30. ^ ' 

The divisors (other than ± 1) of 24 are : ; Jh 

±<2, 3, 4, 6, 8, 12, 24). y/ " (/) 

Adding unity to each of the divisors of /(l), we get the set 
of numbers: -19, -9, -4, -3, -1, 0, 2, 3, 5, 6, 11, 21. (») 

u 

Subtracting unity from each of the divisors of /(— 1), we 
get another set of numbers viz., —31, —16, —11, —7, -6,-4, 
-3, -2,0, 1,2, 4, 5, 9, 14,29. (ill) 

The only numbers common to the three sets are : —4, 
—3 and 2. 

These are, therefore, the only possible integral roots of 
the given equation. Applying Newton’s method of divisors : 
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-24+ 4-2 + 1 + 1 
+ 6 


- 4 

-24+10 

-24+ 4-2+1+ T 
+ 8—4+2—1 

-3 

— 24+12—6+3+0 


8—4+2—1 
+4+0+1 

2 

1 

8+0+2+0 


we find that —3 and 2 are the only integral roots of/(*) = 0. 

The trial divisor —4 has to be rejected because it does not 
divide 10 exactly. 

N.B. —The significance of the three sets of numbers em¬ 
ployed in the solution of this example and the one following, 
will be readily seen in the light of the remarks made in the course 
of the above section. 

Example 2. Find the integral roots of the equation : 

/(*) EE* 4 -2.x 3 - 19x 2 + 68* - 60=0. 

We havc/(0)=— 60,/(l) = —12 and/(—1) = — 144. 

The three sets of numbers introduced above are : 

(1) -60,...,-12, -10, -6, -5, -4, -3, -2, 2, 3, 4. 5, 6, 

10, 12,..., 60 ; 

(2) -11, -5, -3, -2, —!, 0, 2, 3, 4, 5, 7, 13 ; 

(3) -145,..., -13, -10, -9, -7, -5, -4, -3, -2, 

0, 1, 2. 3, 5, 7, 8, 11. 143. 

The numbers common to the three sets are : 

+2, +3 and +5. 

Applying Newton’s Method : 
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1—604-68—19—2-f-l |-5-l -604-68-19-2+1 

-304-194-0-11^ +1 +30 _ 

2 -60+38+ 0-2+0 -5 —5+0 -2 -60+9 8 _ 

—30+19+0— \y -15+2+1 

—15+2+1 _+5_ 

2 —30+ 44-24-0 -3-15+7_ 

! “15+2+1 

! -5-1 

3j_ -15-3+0 

we find 2, 2, 3 and —5 to be the roots of the given equation. 

The other divisors have to be rejected as shown above. 

Example 3. Find the commensurable roots of the equation 
f(x)=3x x —23a 3 +3 5.x 2 +31 x— 30=0. 

Using the method of § 46—47, we find that the real roots 
of f(x)= 0, lie between —2 and 6. 

Multiplying the roots of/(x)=0 by 3, we get the equation : 
0(x)=x 4 -23x 3 +lO5.\- ? +279^-81O=O. 

The roots of 0(.x)=O must lie between —6 and 18. 

Moreover, the integral roots of 0(x)=O are all its com¬ 
mensurable roots. Now the divisors of —810 which lie between 
-6 and 18 are -6, -5, -3, -2, 2, 3, 5, 6, 9, 10, 15 and 18. 

Since <£(l) = —448 and 0(—1)=—960, of the above 
divisors 

— 5 is rejected because —448 is not divisible by 6 ; 

—2 is rejected because —448 is not divisible by 3 ; 
and 6 is rejected because —960 is not divisible by 7. 

The divisors 10 and 18 are rejected for similar reasons. 

We now apply Newton’s method of divisors as follows : 
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A 


-3 

,'—810+279+105 — 23 + 1 
+270-183 + 26-1 

-810 + 279+105-23+1 
+ 135- 69- 6 

-801+549- 78+ 3 + 0 -6 

-810+414+ 36-29 ' 


270-183+26-1 

270-183+ 26- 1 


+ 135-24+1 

- 90+ 91-39 

2 

270- 48+ 2+0 -3 

270-273+117~40 


135-24+1 

135- 24+ 1 


+ 15-1 

+ 45+ 7 

9 

135- 9+0 3 

135+ 21+ 8 


15—1 

135- 24+ 1 


_ +1 

+ 27 

15 

15+0 5 

135+ 3 


we find that —3, 2, 9 and 15 are the roots of <fr(x)=0. 

Therefore, the roots of /(x) = 0 are — 1, §, 3 and 5. 

Example 4. Solve the equation 

f(x) =2x« - 15x*+32x*+23.x 3 - 186.x 2 + 260x - 120 = 0, 
by Newton’s method of divisors. 

Using the methods of § 46—47, the roots of the given 
equation are seen to lie between —3 and 3. Multiplying the roots 
of/(*)=0 by 2, we obtain the equation : 

F(x)=x®— 15x*+ 64x 4 +92x 3 -1488x 2 +1460x-3840= f 0. 

The real roots of F(x)=0 all lie between —6 and 6, 

Of the divisors of —3840, we have to test only such as lie 
between —6 and 6. These are ±(2, 3, 4, 5, 6). 

Since F(—l) = —9580 is not divisible by 3, —3, 6 and 7, 
the divisors 2, —4, 5 and 6 are rejected. 

Again, since F(l)= —1026 is not divisible by —4 and —7, 
the divisors —5 and —6 are also rejected. 

Considering the remaining divisors 3, 4, —2 and —5 in 

order 
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-3840+4160-1488+ 92+64—15 + 1 
-1280+ 960-176-28+12-1 

3 -3840+2680- 528- 8-1 + 36- 3+0 

-1280+ 960—176—28+12—1 
j_ - 320+160- 4- 8+1 

4 ‘ -1280 + 640- 16-32+ 4+0 

- 320+160- 4- 8+1 
- 80+20+ 4-1 

4 


4 

■we find that 3 is a root of F(x)=0, while 4 is found to be a triple 
root of the same equation. The remaining two roots occur in 
the quadratic x 2 — 20=0, and are —2y/5 and 2\/5. 

Therefore, the roots of the equation f(x )=0 are 

f, 2, 2, 2, ±\/5. 

EXERCISES XXXI 

Find the commensurable roots (if any) of the following 
equations :— 

1. a 5 — 13x 4 +67* 3 — 171* 2 +216.x—108=0. 

Ans. 2, 2, 3, 3, 3. 

2. * 4 -2x 3 -13x 2 +38x—24=0. 

Ans. 1,2, 3,—4. 

3. .v 5 —29.x 4 — 31 * 3 +31 x 2 — 32a*+ 60=0. 

Ans. 1, —2, 30. 

4. .r 5 — 23.v<+ 160a- 3 — 281* 2 —257*—440=0. 

Ans. 5, 8, 11. 

5. 2.x 3 —31.x 2 +112x+64=0. 

Ans. —1/2, 8, 8. 

6. x 4 +12x 3 +32.x 2 —24x+24=0. 

Ans. None. 


- 320+ 80+16- 4+0 

- 80+20+ 4-1 

- 20 + 0+1 

- 80+ 0+ 4+0 
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7. A *—A * - 1 2.x 5 -r 8.x 2 -f 28.x -f ? 2 -0 

Ans. —3. 

8. 2.x 5 —5x* 4-2* 3 4-9.x 2 4 -4.x — 12 = 0. 

y' Ans. I. 

. '*■ § Horner’s method for finding the commensurable and 

incommensurable Roots of an Equation. 

1 lie main principle involved in this method is the succes¬ 
sive diminution of the roots of the given equation by suitable 
numbers. The root is evolved figure by figure : first the integral 
part (if any), and then the decimal part, till the root either 
terminates or is calculated to the required number of decimal 

places Each new figure in the root is found by trial. If, for 
example, the required root be 24 302, then the roots shall be 
successively diminished by 20, 4, -3 and 002. The transforma- 
t!ons are all affected by Horner’s Process. One great advantage 
0t method is that the successive transformations are all 
exhibited m a compact arithmetical form. 

Example. Find by Horner’s Method the positive root of 
the equation 16a 3 —20.x 2 — 50 .x — 375 = 0. 

The equation cannot have more than one positive root, 
there being only one change of sign in the polynomial 

/(.x) = 16.x 3 - 20.x* - 50.x -375. 

By trial, we find that this root lies between 3 and 4. 
Diminishing the roots of/(.x)=0 by 3, we set the equation 

.. . . / 1 (-y) = 16a 3 +124.V‘4-262.v-273 = 0, 

tne positive root of which must lie between 0 and 1. 

Multiplying the roots of f t (x) = 0 by 10, we get 

W - / 2 (*)=16.x 3 4- 1240.x 2 4-26200* —273000=0 

'whose positive root must lie between 0 and 10. 

We see by trial that the equation / 2 (*)=0 has a root 
between 7 and 8. The next figure in the root of /(*) = 0 is 
therefore, 7. 

Diminishing the roots of/,(x) =0 by 7, we have 

/ 3 (*)= 16X 3 4-1576**4- 45912* -23352=0, 
which must have a root between 0 and 1. 
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Multiplying the roots of/ 3 (:x)=0 by 10, we obtain 

/ 4 (x)=l6x 3 -fl5760x 2 -f4591200x-23352000=0. 
the positive root of which must lie between 0 and 10. 

By trial again, we find that 5 is a root of/ 4 (x)=0. 
Thus, we see that the positive root of/(x)=0 is 3*75. 


/The process is exhibited as follows : 


16 -20 

-50 

-375 

48 

84 

102 

28 

34 

-273000 

48 

228 

- _ - i 

249648 

76 

26200 

-23352000 

48 

9464 

23352000 

1240 

35664 

0 

112 

1024# 


1352 

4591200 


112 

79200 


1464 

4670400 


112 




15760 


80 

15840 * 


(3-75 


EXERCISES XXXII . 

Find the positive roots of the following equations : 

1. 20x 3 -121* 2 -121x-141=0. Ans. 705. 

2. 2.x 3 —85x 2 —85.x—87=0. Ans. 43’5 

3. 4X 3 —13x a —31x—275=0. Ans. 625 

§ 62. Newtonis method of approximation. It will be of 

importance to notice that after two or three transformations 
and sometimes, even earlier, the figures in the root are obtained 
by dividing the first coefficient from the end by the second 
coefficient from the end. This hint of practical value, is based 
on the following theorem :— 

If a root of the equation /(*)=0 differs from a by a small 
quantity /;, then h is approximately equal to 

/(a) 

/'(«) ‘ 
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We have 

/(«+/,)=/(«)+/!/’ <«)+...+ ^7">(a)+...= 0 

because (a -\-h) is a root of the equation f(x) = 0. 


Since h is a small quantity, neglecting its square and higher 
powers, we have as an approximation 


/(a)4-/j/‘ / (a)=0, so that h= — 


f \«) * 


When the roots of the equation f(x) = 0 have been dimi¬ 
nished by a, the last coefficient in the transformed equation is 
/(a) and the last coefficient but one is /'(a). Hence it is that 
the figures in the root, after a few transformations, begin to be 
suggested by mere division of the second of these two coefficients 
by the first i.e. by the quotient of —f (a) by /'(<*). 

If h is positive, as it is in the application of Horner’s 
Method described above, it is essential that when the figures in 
the root begin to suggest themselves (as stated above), the last 
two coefficients in the transformed equation have opposite signs. 

Example. The cubic x 3 —3.x+1=0 has a root between 1 
and 2. Calculate it to five places of decimals. 


The first figure in the root is 1. 

Diminishing the roots of the given equation by 1 and 
multiplying by 10 the roots of the equation so obtained, we get 

x*+30x 2 -1000=0. ... (/) 


This has a root betweent 5 and 6, therefore 5 is the second 
figure in the root. The third and the succeeding figures in the 
root are suggested by a division of the absolute term in the 
transformed equation by the coefficient of the preceding term. 
The third figure 3 is, thus, obtained by dividing 125000 by 
37500; the fourth figure 2 is similarly obtained by dividing 
8423000 by 4022700 ; the fifth figure is a zero because 359232000 
is less than 404107200 ; and the sixth figure is 8 because 

lies between 8 and 9. 
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1/ 

1 


The required root is, therefore, 1*53208 
The process is exhibited as follows: 


+0 

1 


-3 

1 

-2 

2 


+ 1 
-2 

-1000 

875 


(1-53208.. 


2 

1 

000 j 
175 ; 

30 

175 

5 

200 

35 

37500 

5 

1359 

40 

38859 

5 

1368 

450 

! 4022700 

3 

9184 

453 

4031884 

3 

9188 

456 

40410720( 

3 


4590 

i 

2 


4592 

| 

I 

2 


4594 

| 

2 


459600 


-125000 
116577 

- 8423000 
8063768 

-359232000000 
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EXERCISES XXXIII 

1. Calculate to five decimal places the two roots of the 

equation x 3 —3x-f 1=0 which lie between 0 and 1; and — 1 and 
—2. Ans. -34729..., -1-87938... 

2. Calculate to four decimal places the positive roots of 
the equation x 4 +4x s —4x 2 — 1 lx+4=0. 

Ans. 1*6369 *3373... 

3. The equation x 4 —3x 2 +75.x—10000 = 0 has a root bet¬ 
ween 9 and 10. Calculate it to three places of decimals. 

Ans. 9-886. 

4. Find to four decimal places the positive root of the 

equation x 3 4-x 2 +x—100=0. 

Ans. 4-2644. 

5. Calculate to five decimal places the positive root of the 
equation x 3 —2x—5=0. 

Ans. 2-09455. 

§ 63. Contraction of Homer’s Method. 

In the ordinary process of contracted division, when the 
given figures in the dividend are exhausted, instead of appending 
ciphers to it, we cut off figures successively from the right of the 
divisor, so that divisor itself is exhausted. In Horner’s contracted 
method the principle is the same. When the contracted process 
begins, instead of appending ciphers to the coefficients of the 
tansformed equation, we cut off one figure from the right of the 
last coefficient but one (called the trial divisor), two figures from 
the right of the last coefficient but two and so on. The stage at 
which the contracted process should begin depends upon the 
number of decimal places required in the answer ; for after the 
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contraction begins we shall get, in addition to the figures already 
found, as many more figures as there are figures in the trial 
divisor less one. 

In multiplying by the corresponding figure of the root, 
the figures cut off should be multiplied mentally and account 
taken of the number to be carried, just as in contracted division. 

The following examples will make the method clear. 

Example 1. The equation x*+12x-f7=0 has a root 
between —1 and 0. Calculate it correctly to seven decimal 
places. 

Changing the signs of the roots of the given equation, we 
get the equation 

x*-\2x+7=0. ... (i) 

7 his must have a root between 0 and 1 corresponding to 
the proposed root of the given equation. We start by multiplying 
the roots of (i) by 10, and calculate the root under consideration 
as follows :— 
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+ 0 
5 


+0 

25 


200 

9 


2360 

3 

2363 

3 

2366 

3 

2369 

3 

2372 


16881 

1962 


2102787 

7107 

2109894 

14 

21113 

14 

21127 

14 

21141 


12000 

125 


11875 

375 


+ 70000 (*59368583 
-59375 


106250000 

-102132639 



11178484000 

6287067 


209 

18843 

— 11172196933 

9 

2043 

6308361 

• 

218 

2088600 

-11165888572 

9 

7089 

126678 

227 

2095689 

-1116462179 

9 

7098 

126762 | 


-1116335417 

1691 

-111631851 

1691 

-111630160 

11 

-11163005 

11 

-111 62994 
-111630 


958246127 

'-893054808 

I 

I 


65191319 

-55815025 


9376294 

-8930395 


445899 
-334890 


! -111009 


Hence the required root is 


-•5936858 
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Example 2. Find correctly to ten decimal places the cube 
root of 25. 

We have to calculate the real root of the equation 

/(x)=x 3 -25=0. 

As a first approximation, we have 3 as the real root of 

f(x)=0. 

If the correct value of the root be (3—/»), then h is approxi¬ 
mately equal to 

/(3) 27-25 2 - 

/'(3) “ 3.9 " 27' . 

♦ • A 

Thus 2-926 is a closer approximation to the root. 

If the correct value of the root be (2‘926 —h x ), then is 
nearly equal to 

/(2-926) (2926V>—25 050949 _. 0019g 

/'(2-926)“ 3.(2*926)* “25-6844 

Thus Z/25 is nearly equal to 2*92402. 

Using Horner’s Method now 
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1 


+0 

_2 

2 

2 


4 

2 


60 

9 


69 

9 


78 

9 


870 

2 


872 

2 


874 

2 


8760 

4 


8704 

4 

8768 

4 


577200 

1 

877201" 

1 

877202 

1 


877203 


+0 

4 

4 

8 


1200 

621 

1821 

702 


252300 

1744 

254044 

1748 

25579200 

35056 


25614256 

35072 

256493280000 

877201 


256494157201 

877202 


256495034403 

61404 


25649564844 

61404 


25649626248 

614 

2564963239 
_614 

2564963853 

3 

256496388 

3 

256496391 


-25 (292401773821... 
8 


— 17000 
16389 


-611000 

50S088 


— 102912000 
102457024 


— 454976000000 
25649415720 1 

—198481842799 
179546953908 


I 


-18934888891 

17954742673 


-980146218 
_769489164_ 
- 210657054 
205197112 

-5459942 
__5129928 

-330014 

256496 

-73518 


we get ^25 =2 9240177382 
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EXERCISES XXXIV 

1. Calculate to 8 decimal places the value of 

(0 V37, (h) y 998. 

Ans. (/) 6-08276253. (») 9 99332888. 

2. Find the cube root of 43 651389761. Ans. 3*521. 

3. Calculate to eight decimal places the two roots of 

x 3 -7x+7=0 

which lie between 1 and 2. Ans. 1*35689584, 1*69202147. 

4. Calculate to ten decimal places, the root of 

x 5 -4x 2 +6x-20000=0 

which lies between 20 and 30. Ans. 28*4678477449. 

§ 64. Lagrange’s Method. This method too like that of 
Horner, consists in the successive transformation of the given 
equation. Suppose the equation /(x)=0 has a positive root 
between the two consecutive integers a and a+1. The roots of 
/(x)=0 can then be diminished by a. The transformed equation 
has a root between 0 and 1. Suppose the equation whose roots 
are the reciprocals of the roots of this transformed equation, 
has a root between the two consecutive integers b and b-\~ 1, 
where 6>1, we can then, diminish the roots by b and 
reciprocate the roots of the transformed equation. This 
process of diminution and reciprocation of roots is 
carried on and we get the root of the given equation in the 

form : a+ .which is a continued fraction. 

0+ c+ 

Example. Find by Lagrange’s Method, the positive root 
of the equation f(x)=x 2 —6x— 13=0. 

The equation has only one positive root. By trial we find 
that it lies between 3 and 4. Diminishing the roots of /(x)=0 
by 3, we get the equation : 

/ 1 (x)=x 3 4-9x 2 4-21x—4=0. 

The equation whose roots are the reciprocals of those of 
/ 1 (.\)=0 is f z (x)= — 4x 3 4-21a 2 +9a-M=0. 
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This has a root between 5 and 6. 

Diminishing the roots of/>(*)=0 by 5 and reciprocating the 
roots of the equation so obtained, we get 

/ 3 (x)=71x 3 -81x 2 -39x-4=0. 

This has a root between 1 and 2. 

The next set of transformations brings the equation : 
/ 4 (x)=-53x s 4-l2x 2 -l-132x+7l=0, 
which has also, a root between 1 and 2. 

We next obtain the equation 

/ 6 (x) = 162X 3 - 3x 2 -147x - 53 = 0, 
which too has a root between 1 and 2. 

Thus the required root is 



3 . 

. 1 1 

1 1 




1 5+ 1 + 

1+ 1 + - 


The whole process may be exhibited as follows : 

1 


+ 0 

—6 

-13 



3 

9 

9 



3 

3" 1 

-4 



3 

18 




6 

21 




3 

-20 




9 

1 




<; 

-20 


5) “ 

1 

14 

-19 


70 

-95 

-20 


71 

-81 

-39 

— 4 



71 

-10 

-49 



-10 

-49 

-53 



71 

61 

l 



61 

12 




71 

-53 




132 

-41 




-41 

-53 


1) 71 


91 

-94 


91 


—94 

—53 


162 


-3 

-147 

_ —53 
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EXERCISES XXXV 

!• Find by Langrange’s method the positive roots of 


(i) x*—2x— 5=0. Ans. 2+ 

(ii) x 8 4‘2jc 2 —23x—70=0. 


1 


Ans. 5+ 


1 1 


10-f- 1+ 1+2+ 


1111 


7+ 2+ 3+ 9+ 
2. Find by Langrange’s method the value of: 


(i) 1/ 25. 

(ii) V37. 


Ans. 2+ 
Ans. 6+ 


JL i J__L 

1+ 12+~ 6+ 4+*“*** 

1 1 1 _ 1 

12 + 12 + 12 + 12 +*' 






CHAPTER VII 


The Cubic, the Biquadratic and the Binomial. 


§ 65. Reduction of the General Cubic to the Standard Form. 

The General Cubic equation is of the form : 

0 2 (x) =PqX* + 3/>jX 2 + 3 p 2 x +/> 3 = 1 0. 

Diminishing the roots of this equation by h , we get 

^ a (x-j-/i)=0 o (A»)x 3 +30 1 (/Ox 2 +30 2 (/Ox+03^) = O; 

PoX 8 +3(p 0 /i+p 1 )x 2 +3(p 0 /i 2 +2y? 1 AH-77 ? )x 

(/></* + 3 \p x h* -f 3 p 2 h +p z )=0 


The second term will disappear if h = —p 1 lp 0 . 
The equation, thus, takes the form : 


0, (,-a )= Po ^+3 


Multiplying the roots by p 0 , we get 
Po^lPoix— p 1 )]=x 3 +3(/> 0 p 2 — p x 2 )x+(p 3 Po 2 — 3PoPiPi+ 2Pi) — °* 

Denoting p 0 p 2 —Pi 2 or p n ° by H, and 

\Pi P a' 

P»Po 2 —^PoPiP2+2p 1 z by G, the equation finally becomes 

x } -f3Hx+G=0. 

This is called the standard form of the cubic. 

If the roots of the general cubic be denoted by a, p, y then 
the roots of the standard cubic are 

Po*+P» PoP+Pi> Pot+ Pi- 

Thus the solution of the general cubic depends upon that 
of the standard cubic. 
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Ex. 1. If a, (3, Y be the roots of the general cubic, show 
that those of the standard cubic are 

&-(2*-P-y), P i (2|i-Y-a), A(2r-«-P). 

9711 

Ex. 2. Prove that 2(2x—(3—•r>(2(3—y-a)= -— 2 -, 

Po 

and (2a-p-Y)(2p-Y-a)(2Y-a-P) = - 2 ^. 

Po 

Example. Reduce the cubic 

2X 3 —3x 2 + lOx— 4=0, to the standard form. 

Multiplying by 2, the roots of the given equation, we get 
->'/• *" x 3 —3x 2 +20x— 16=0. ' (i> 

/to 

Diminishing by 1, the roots of (/), / 

1-3+20-16 
1- 2+18 

— 2+18,+ 2 

1 - 1 1 
— 11 + 17 

j] 

0 

we obtain x 3 +17x+2=0. 

This is the standard form of the given cubic. 


EXERCISES XXXVI 

Reduce the following cubics to the standard form : 

1. 5x 3 —3x 2 +9x—2=0. 

2. 7x 3 -12x 2 —6x-5=0. 

3. 4x 3 -2x 2 -3x+2=0. 

4. 15x 3 —3x 2 +2=0. 

5. x 3 —x 2 —x+l=0. 



THEORY OF EQUATIONS 


127 


§ 66. Criterion of the Nature of the Roots of the Cubic. 

The equation of ‘squared differences’ of the cubic 

/(x)»x» + 3Hx+G=0. (i) 

is F(x)=x 3 +18Hx 2 + 81H 2 *+27(G 2 -f-4H 3 ) = 0. (ii) 

Since imaginary roots occur in pairs, at least one of the 
three roots of (i) must be real. Let a, (3, y denote the roots of 
(•). 

(a) If G 2 -i-4H 3 =0, one root, at least, of F(x) = 0 is zero. 
Therefore, at least two roots of the given cubic are equal. 

If H^O and G 2 +4H 3 =0 only two roots of the given cubic 
are equal. 

IfH=0 and G = 0, all the roots ofF(x)=0 are equal to 
zero and, therefore, the given cubic has its three roots equal. 

[The expression G 2 +4H 3 is called the ‘discriminant* of the 
cubic and its vanishing provides the condition for equal roots.] 

(b) If G 2 +4H 3 is negative, H is necessarily negative. 
Hence there is no change of sign in the expression 

-Ff-x)^* 3 - 18Hx 2 + 8IH 2 *—27(G 2 -f 4H 3 ) 

and the equation of squared differences, F(x)=0 can have no 
negative root. 

/?—y, y—a, a—(3 are, thus, all real numbers. 

All the roots of f{x) =0 are, therefore, real and distinct. 

(c) If G 2 +4H 3 is positive, the product 

(a-/j) a (/3-y) 2 (Y-«) 2 

of the roots of F(x)=0 is negative. Therefore, two roots 
of f{x) — 0 are imaginary, for if a, /?, y were all real, 
(a—p) a ((3 — y) 2 (y—a) 2 could not be negative. Moreover 
*Py= — G, therefore, the sign of the real root, in this case, is 
opposite to that of G. 

Ex. 1. Show that the roots of the equation of squared 
differences of the cubic are either all positive or one negative and 
two imaginary. 
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Ex. 2. Show that for the general cubic 
&(*) =Po*? +3A* 2 + 3p 2 x +p z =0, 

the conditions G=0, H=0 reduce to -°=- 1 =^* and make <p*( x ) 

Pi Pi Pz ™ 

a perfect cube. 

Ex. 3. Determine the nature of the roots of the cubic 

x 3 —7.x 4-6=0. 

Solution. Here H=—7/3, G=6. 

Therefore, G*+4HP=36-*«*=-W. 

Hence, the roots of the given cubic are all real. 

EXERCISES XXXVII 

Determine the nature of the roots of the following equa¬ 
tions : 

1. x 3 —3x 3 —6x4-5=0. Ans. All the roots are real. 

2. x 3 4-6x 2 4-9.x 4-4=0. Ans. Two roots are equal. 

3. x 3 4-2x4-1=0. Ans. The only real root is negative. 

4C x 3 4-x 2 —5x4-3=0. Ans. Two roots are equal. 

> v / § 67. Cardan’s Solution of the Cubic. 

Consider the standard cubic x 3 4-3Hx4-G=0. (i) 

ii ii 

Assume that x—p ,z +q /3 , then taking the cube of both 
sides, we have 

x?=p+q+3p ^ {p ^ 3 4 -q 

or x 3 — 3p l*q ^x-{p+q)=0. (ii) 

If equations (i) and (ii) be identical, we have 

p-\-q ——G and p ' 3 q /3 =—H i.e. pq= — H 8 . 

Therefore, {p-q) 2 =(p+q)~-4pq=G i +4R i . 

Hence />=i[-G4-VG 8 4-4H 3 ]. (iii) 
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Also 


, v °=- 


H 

.V 


viz. 


If G a +4H 3 be not negative, then corresponding to the 

*hree cube-roots of unity, (Hi) gives three values for p*' 3 

if Pi w^/p and \v*2/p. 

Hence, the three roots of the standard cubic are 

Vp ~^ P - M, ^-^ and 


4.e. 


y p y p » anc * 1/p 


— u* 


H 


yp- 


oivpn lV may - be J?. te ? that . the algebraic solution of the cubic 
8 above is of little use in solving numerical equations. 

of p B ?ven hl'rf 611 G \ +4 ?\\ S positive or zero » that ^e value 
Thk f by ' 1 )’|J S real and yP has an arithmetical meaning. 

ca a rll n th * cubic has eith er two imaginary or two 

the ?oo?, nf K- hCn GJ + 4H3 ^ negative, the case in which 

number a «5 a/ C ^ b,C a f e a11 real and distinct » P ^ a complex 
called h ui S ' then ’ no arithmetical meaning. This is 

*I L eln CaSC ° f Cardan ’ S so,ution ’- We consider 

mis case in the next section. 

§ 68. The Irreducible case of Cardan’s Solution. 

^ . Tofi, l dt devalue of p /a when G 2 -f4H 3 is negative, we 
e use of De Moivre’s Theorem in Trigonometry. 


Let —® * and V-G 2 -4H3_ 

2 2 

p—a-rib. 

a=r cos 0 and b=r sin 0 
P=r( cos 0+i sin 9), 

r=y/a*+S*=y/-: H 3 


=b t 


so that 

Put 

Then 

where 
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and 6 is given by the equations 


sin 0 =- r =\J 


1 + 


G 2 


4H 3 * 


and 


a G 

005 9= 7 = _ 2V=Hi- 
*/. 


The three values of p 13 , now, are 

y r ( cos £±2»- + h=0, 1,2: 

_ . /^±2rpr\ . 

or \/—H e \ 3 /, n=0, 1, 2. 

The roots of the standard cubic, obtained by substituting 

in succession each of these values of p * in 3 -,j- ^ are 


2\/ - "Hcos0 t 2\Z—H cos 


0-f-2ir , - ,—O-f-4 

—^— and 2\/—Hcos - 


7T 


This completes the solution of the cubic x*+3Hx4-G 
Example 1. Solve the cubic x 3 —18x—35=0. 


=0. 


Assume 


*=/'» +,\ 
*/. 3 . 


then x’-Sp 13 q ‘*x—{p+q)= 0. 

Comparing coefficients, we have 

i/ i/ 

p+q=35 and p z q 3 =6 i.e. pq=2\6. 

p and ^ are, therefore, the roots of the quadratic 

- x 2 -35x+216=0. 

Hence p=21 or 8 ; 

i/ 

and p 3 =3, 3 w or 3 \\r ; or 2, 2w, 2w*. 

Moreover q = ~rr —2, 2»v 2 , 2 w ; or 3, 3>v 2 , 3 w. 

„ / 3 
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In either case 

5, 3»v+2iv 2 , 3vv 2 +2vv, 

are the three roots of the given cubic. 

[It would be seen that it is immaterial which value of p we 

1 / 

take. The value of q 3 must, however, be so chosen that the 

ii ii 

second relation e.g. p 13 q 3 = 6 , in this case, is satisfied]. 
Example 2. Solve the cubic x 3 — 15x 3 —33x+ 847 = 0. 

To remove the second term, we diminish the roots by 


-15 

-33 

+ 847 

5 

-50 

-415 

-10 

-83 

I +432 

5 

-25 

J 

-5 

! —108 



5 

0 


We thus get the equation 

.y 3 —108^+432=0 where y= 

V V 

To solve (i), we assume y=p 3 +<7 


—5. 

. Then 


y 3 —3p q ,3 y-(p+q)=0. 
Comparing coefficients, we get 

p-\-q—— 432, p^ 3 q ^ :, =36 i.e. pq—36 3 . 

i/. 

Hence />=—216, so that p 3 =— 6 , — 6w, — 6 w 2 . 

Now q 1 3 = -y =— 6 , — Cw 2 , — 6 »v. 

P ' 


Therefore y— — 12 , — 6 (w+w*), — 6 ( 11 + 1 ^) 

i.e. y= — 12 , 6 , 6 . 
x= —7, 11 , 11 , from (/). 



Hence 
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Example 3. Solve the cubic x 3 — 6x— 4=0. 

i/ i/ 

Let x=p /s 4 -q • 

then x 3 —3 p^ q ^ x—(p+q)= 0 . 

Comparing coefficients, we obtain 

ii i/ 

p+q=4 and p 3 q /3 =2 i.e. pq—b. 
Hence p=2+\/4^%=2{l+i); 

=2-\/2[cos — + » sin -j- ]. 


i/ 2mr4- -v- 

Therefore, p-* = y/ 2[cos---4-i sin 




? i 
»= 0 , 1 , 2 . 


Also q^ a = — 1 =v / 2[cos 

M a 


2 / 271 -}- 


-/sin 


_ , n 

2mz+ 




Thus, the three roots of the given cubic are 

2mr4- -7- 

2\/2 cos-^- , n=0, 1 , 2 ; 


n=0, 1, 2. 


i.e. 


7T 


2 V 2 cos , 2 v /2 cos — , 2^2 cos y- ; 


or V3-1, - 2 , -V3 + 1 

Example 4. Find the relation between H and G so that 
the cubic a^-}-3H-x:-}-G= 0, may be put in the form 

x t =(x*+ax+b) i . 

Hence, solve the equation 8X 3 — 36x4-27=0. 

If the two equations x 3 -h3Hx+G=0 and x 4 =(x*4-fl^+^) a 
are identical, we must have on comparing coefficients 

2 a _ a?+2b 2ab _b* 

1 0 “ 3H G 
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i.e. a 2 +26=0, 3H =b. 



Eliminating a and b between these equations, we obtain 
the required relation viz. 8G 2 + 27H 3 =0. 

This relation is satisfied by the coefficients of the equation 

8x 3 -36x+27 = 0 

The equation can, therefore, be put in the form : 

X« = (X 2 +<1X + Z>)*. 

Here, we have H= —f and G = \ z . 


Hence h=3H = —2 and 



The given equation, therefore, takes the form 

x<-(x 2 +3x-$) s =0, 

i.e. (3x—f) (2x*+3x-f)=0. 

Hence f, ~ ? ^ are the roots of the given cubic. 


EXERCISES XXXVIII 

Solve :— 


1 . 

25X 3 —9x 2 +l=0. 

Ans. 

i/ 2±*V3 

2 . 

2x*+3x 2 + 3x + l = 0. 

Ans. 

i/ -1±*V3 

3. 

**+72*—1720=0. 

Ans. 

10, —5±7iV3. 

4. 

x 3 —llx*4-38x—40=0. 

Ans. 

2, 4, 5. 

5. 

x 3 +6x 3 +9x+4=0. 

Ans. 

-1, -1, -4. 

6 . 

x 3 —3x+l=0. 

2 tt 8 tt . 14tc 


Ans. 

L COS 

9 f cos 9 f ^ cos 9 


§ 69. Other Methods of solving the Cubic. 
*1. Consider the cubic x 3 +3Hx-l-G = 0. 

* American Mathematical Monthly, 1925. 
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The equation can be written in the form : 

3_ H _G 

o + « +2 ' 2 * 


or 


8 

x 3 

8 


8 

3 


f+T*<7+ = )~T- 


Writing y 2 for ^-+H, this becomes 

x 3 3 0 G 

T+T^“-T- 

Now let f x 2 ^+^ 3 =R 

where R remains to be determined. 


(i) 

(»> 


<f+')'=-4 +R ’ 

(4 -* ) = -? -*• 


From (i) and (//), we get by addition and subtraction 

m 

(iv) 


and 


Multiplying (i/7) and (iv), and using the relation 


we obtain 


r + H =^> 

G 2 

—H s =-^-R 2 . 

4 


and 


Hence R=±a v/G 2 +4H 3 . 

From (///), ™ +y = (— ~ + R ) ^ 8 , 
from (iv), “ — ^ S— R) 


(v) 

(vi) 

(vi/) 

(v/ii) 


.2 


Since 1 ^-y 2 =—H, (v/77) can be written more usefully in 

the form : 


2 ^ = - 


H 




Ux) 
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Adding (v/7) and (ix), we finally get 



This gives three values of x corresponding to the three 

cube roots of (—°- + R>- From (Wl) and (vm), it is evident 

that any of the two values of R given by (v/), will do. 

Ex. 1. Solve the cubic x 3 —9x 2 +20x—12=0. 

Ans. 1, 2, 6. 

Ex. 2. Find a cube root of 9 + 25 iy/2. 

Solution. Let -y +y =(9+25«V2) ^ 
and *--y=(9-25<V2) 1/3 ; 

so that —G=18, and-H= ^-/ = [(9)>-(25iV2)+ 3 -»• 


Hence x is a root of the equation 

x 3 —33x—18 = 0. 

One value of x is found to be 6 by trial. 
Substituting this value of x in the relation 



we get y=iy/2. 

Hence 3 + iy/2 is a cube root of 9 + 25 iy/2. 

II. Expressing the Cubic expression x 3 +3Hx + G as the 
difference of two cubes. 

Let x a +3Hx+G=L(x—a ) 3 —M(x—P) 3 . 
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Then equating coefficients of like powers of x, we obtain 


L—M=l, 

(0 

aL~pM=0, 

(«) 

a 2 L—p 2 M=H, 

m 

a 8 L— p 3 M = — G. 

(IV) 

From (/) and (//), we get 

L-/ , M— “ . 
p—a P—a 

w 

Substituting in (Hi) and (/v), we get 

op=—H, ap(a-t-p)=G. 

(VI> 


Hence a, p are roots of the quadratic 

z s +~r-H=0. 


a and p being thus known, the values of L and M are 
given by (v) and the expression x 3 -}-3Hx-f-G is expressed as the 
difference of two cubes. 


We are thus left with the equation 

P(x-a) 3 =a(x-p) 3 . 

This gives yP(x-a) = ^/ a [(.Y-p), w(x-p), 
Hence the three roots are 


3 /P+ 3 /a), -w */* W(w*/*+ i/fi). 

-»v 3 /a^/P(^/a+w^/P). 

Ex. 1. Express the general cubic expression 

<p 2 (x)=ax z + 3bx 2 4 - 3cx+d t 

as the difference of two cubes. Hence solve the cubic 0 8 (x)=O* 

Show that in this case a, p are the roots of the Hessain 
quadratic 'ux+b hx+C|_ n 

[bx+c cx+d ~ u ' 
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Ex. 2. Show that if 0 3 (x, y)=ax l -\-7,bx 2 y-\-^cxy t -\-dy i > 
the Hessian quadratic is 


a 2 0 

aV 

ax 2 

ayax 

3*0 

a 2 0 

axay 

ar" 


Solve by this method the cubic x 3 —33x —18=0. 

III. Solution of the Cubic by the use of Symmetric 
Functions. 

Let a, p, y denote the roots of the cubic x a 43Hx4G=0. 

The three roots arc given by the expression 

Vs [a + p+Y+Ma+wfi-|-»f 2 Y) + X 2 (a4-vv 2 p4-WY)]. X=l, w * 

For brevity, we write 

L=a-bw , (J-Hv*Y an d M = a 4 w^P 4 »fy ; 
then (AL) 3 4 (X 2 M) 3 =X 3 (a 4 u-(3 4- *v 2 y ) 3 +X®(a 4^ + »Y) 3 

= 2(<x 3 4P 3 4y 3 ) 

- 3(a 2 p 4 «*Y 4 P s a 4 P^Y 4- Y*« 4- Y* P) + 1 2«P'Y 
= 2(a 3 4 P 3 4 Y 3 — 3«Py) 

— 3[(a4P4Y)(*P + pY + Y a ) 

— 3a(3Y]4lKaPY 

= 27apY— — 27G, since a4P4Y—°* 

i.e. L 3 4M 3 = — 27G. 

Moreover (XL)(X 2 M) = [X(a4 vvp 4 w z y).X*(* 4 »v 2 P 4 »fy)J 

= a'"4P 3 4 Y 2 — a P Py Y a 
= ( a 4P 4 y) 2 — 3(a^4pY 4* Y a ) 

= —9H ; 

i.e. LM = —9H. 

Hence L 3 and M 3 are the roots of the quadratic 

z 2 4 27Gz—729H 3 =0. 

L»=V[-G4VG v 44H s L 


Taking 
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* 

.and M 3 =¥[—G— VG*+4H*] 

and keeping the relation LM=—9H in view, 
the three roots of the cubic x 3 4 - 3 Hx 4 -G=—0 are 

I (L- *L) ,x(.L-^) and J ( ), 

L being any cube root of 

¥t-G+ v 'G 2 +4H 3 ]. 

Ex. Solve by this method the cubic x 3 —3x4- 1=0. 

§ 70. Reduction of the Biquadratic to the standard form. 

The general biquadratic equation is of the form 
<Pi(x) =P 0 x* +4 PxX* + 6 /vc 2 +4p a x +p 4 =0. 

Diminishing the roots by /z, we get 
<f) A (x-\-h)= +40 1 (/z)x s +6£ a (/z)x 2 4- 4<£ a (/i)x+0 4 (^) 

The second term vanishes if p 0 h+Pi=0 i.e. h==— — . 

P o 

The equation then, takes the form 

P<f + ~(PoP2~Pl 2 )X i + A-(P 0 2 p 3 —3P Q PlP2+ 2 Pl) X 
Po Po 

+^3 ( P*Pi - WPi p 3 +6/J°P 1 2 p 2 - 3ft 4 )=°. 

Multiplying the roots by p 0t we get 

x 1 +6 {p 0 p 2 —pc)x 2 4- MPqPz — 3PoPiPz+2Pi 9 ) x 
4- (ft 3 ft - WPiPz+bPoPiPz - lPi )=°* 

Denoting p 0 p 2 —p 2 by H, p 0 2 p 3 —3p 0 p 1 p £ +2p 1 * by G and 

^oP 4 - 4 PiP a 4 -W by I, 

the equation can be written in the form: 

x 4 4-6Hx 2 4-4Gx4-ft 2 l-3Hf==0. 

This is called the standard form of the Biquadratic. 
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Example. Reduce to its standard form the biquadratic 

x 4 4-2x 3 — 7x 2 —8x4-12=0. 

Multiplying the roots of the given equation by 2, we get 

x 4 + 4x 3 -28* 2 -64x4- 192=0. 0) 

Increasing the roots of (i) by 1, we obtain the equation 
x* 4- 34x 2 4-225 = 0 which is in the desired form. 


4-4 

-28 

-64 

4-192 

— 1 

- 3 

4-31 

4- 33 

— +3 

—31 

-33 ( 

4-225 

-1 

- 2 

- 4-33 1 


4-2 

-1 

4-1 

-1 

4-0 

-33 

1 ~ J4 

4- 0 



EXERCISES XXXIX 

Reduce the following biquadratic equations to the standard 
form :— 

1. x 4 4-8x 3 4-9x 2 —8x— 10=0. 

2. x* — 2x 3 — 12x 2 4- lOx —3=0. 

3. 2x 4 -3* 3 -2*4-5 = 0. 

4. x 4 4 -x 3 4 -x 2 4 -x 4-1 =0. 

* § 71. Euler’s Solution of the Biquadratic. 

Consider the biquadratic in the standard form : 

x 4 4-6Hx 2 4-4Gx4-/» 0 2 1-3H 2 = 0. («) 

To solve this equation, assume that 

x^p'U+q'h+r' 1 * ’ 

Squaring, we get x 2 — (p-\-q-\-r) = 2(p^q- +q^r-4 -r^). 
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Squaring again, we obtain 

x 1 —2{p+q+r)x i —Sxp ^r ^-f(p+tf+r) a 

-4{pq+qr+rp)=0 . (ii) 

If equations (i) and (ii) be identical, we must have 
p+q+r=— 3H; 

„VV/, = G i£ . p &. 

jL ■ 

and pq + qr+rp = 3H 2 - P °-. 

Therefore, /?, q y r are the roots of the cubic 

<’+3Hf 2 +(3H 2 -^“-)f~ S =0. (iii) 

This is known as Euler’s Cubic. 

We can write (iii) in the form 

4(r+H) 3 -/? 0 2 I(/+H)-(G 2 +4H 3 -VIH)=0. 

Writing p o 2 0 for (f-f H) and p 0 3 J for /? 0 3 IH-G 2 -4H 3 , we 
get the cubic 

4p o 3 0 3 —y? o I0+J=O. 

This is called the reducing cubic. 

If 0,. 0 2 , 0 3 be the roots of the reducing cubic, then p t q , f» 
the roots of Euler’s Cubic are given by 

;>=A> 2 0i-H, q=p 0 - 0 2 -H, r=p o 2 0 3 -H. 

Hence ± Vp 0 2 S^H±Vp 0 %-H±Vp 0 %-H. 


Taking all possible combinations of signs, this appears to 
give eight values of x. In view of the relation 

p 1 q '-r ,2 = — _ f ,.e.r/a=-ipir, 

z 2 p '*q /a 

however, it gives only four values and the biquadratic is solved. 
Ex. 1. Show that for the biquadratic 
P 0 x* +4/? 1 x 3 -f 6 p z x 2 +4p 3 x+p 4 =0, 
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Po P\ Pz 
J“ Pi Pz Pz 
, Pz Pz Pi 

Ex. 2. If a, p, y, 8 be the roots of the biquadratic 

p o x 4 +4p 1 x 3 -\-6p 2 x z -{-4p s x+p i =0, 

show that p, q, r the roots of Euler’s Cubic are given 
by 

(Y+a-p-S)V=^(a + p->--8) 2 ; 

and 0 l9 0 2t 0 3 the roots of the reducing cubic are given by 

^=i 1 2[(a-P)(y-8)-(3-y)(a-8)] 

^3=i 1 2[(p-^)(a-S)-(Y-a)(P-8)]. 

Solution- We have 

Po^+Pi=Vp—Vq~ s/r> Po$-\-Pi= — JP + JQ~ J r - 
PoY+Pi= — JP~ Jq+ Jr, p 0 K-rP l =VP+ J4+ Jr. 

Hencep 0 (p + y — a—8) = — 4/p or p--= (p-f y -a— S) 2 . 

Similarly <?=^° (y+a — p — 8) 2 and (* + P — H — $) 2 - 

Again p 0 (p — y) = 2( Jq— Jr), p Q (a —8) = —2( Jq-YJr). 

Therefore p o 2 (0 —y)(*— s ) = —4(?—r) = — 4p o 2 (0 2 —0 3 ) 

Similarly P 0 2 (y —«)(P —S) = —4p 0 2 (A, —fl,), 
and P 0 2 ( a — P)(“f — $) = —4p 0 2 (^i — 0 2 ). 

Hence (P — y)(a—8) — ( y — a)(p-8)=4(20 3 — 0, — 0 2 )= 120 3 
since 

The required relations readily follow. 

Ex. 3. If in Ex. 2. a=p, y = 8 show that two roots of 
Euler’s cubic vanish. Hence obtain the conditions that the 
biquadratic may have two pairs of equal roots. 
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Ex. 4. If in Ex. 2, a=(3, show that the reducing cubic 
has two equal roots. Is the converse also true ? 

Ex. 5. If the biquadratic /V c *+ 4 p 1 x 3 + 6 /vc 2 + 4 /V*+/ , 47=0 
has three equal roots, show that all the roots of the reducing 
cubic vanish. Hence find the conditions that the biquadratic 
may have three equal roots. 

Ex. 6 . Prove that Euler’s Cubic has 

(/) all roots real and positive, (ii) all roots real—two 
negative and one positive and (Hi) two roots imaginary and the 
third positive, according as the biquadratic has 

(i) all roots real, (ii) all roots imaginary and ( iii) two roots 
real and two imaginary. 

Ex. 7. Prove that when the roots of the reducing cubic 
are all real the roots of the biquadratic are either all real or all 
imaginary. Show that the converse also is true. 

Ex. 8 . Prove that (i) when I is negative, the biquadratic 
has two real and two imaginary roots and (ii) when H and J are 
positive, ajl'the roots of the biquadratic are imaginary. 

V/ § 72. Descarte’s Solution of the Biquadratic. 

To solve the biquadratic 

x 4 +6Hx 2 +4Ga-+P 0 2 I-3H°-=0, 

assume that 

A 4 + 6 Hx 2 4 - 4 Gx-|-/ 7 0 2 [- 3 H 2 =(.x- 2 4 -XA+ f x)(A: 1 ->cc-hv) 

Equating coefficients, we get 

6 H={x+o—X 2 , 1 

4G = X(u—(z), > (/) 

and /vI-3H 2 =jxu. j 

Eliminating u, u between these equations, we get 

(X 2 + 6 H ) 2 - (^ /=4( p 0 H - 3H 2 ), 
i.e. X 6 -H2HX 4 -i-4( 12H 2 —/> 0 2 I)X 2 -16G a =0. (//) 
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This is a cubic in X 2 . The last term being negative, one 
value of X 2 will be real and positive. Solving (//) as a cubic in 
X 2 , we thus obtain at least one real and positive value of X. 


The set of equations (/') gives then the corresponding 
values of p and v. The roots of the given biquadratic are now 
obtained by solving the two quadratic equations 




x 2 +Xx + p = 0 and x 2 — Xx+v=0. 


Example. Solve : x 4 —3x 2 —42x—40 = 0. 

Assume that x 4 — 3X 2 —42x— 40=(x 2 +Xx+p)(x 2 —Xx+v). 

42 

Then p + v=X 2 —3, p—v=-—~ and pv = — 40. 

/ * 


Eliminating p, v between these equations, we get 
/(X)=X e - 6X 4 +169X 2 - 1764=0. 

Now /'(X)=6X 5 -24X 3 +338X, 

T(X) = 30X 4 —72X 2 + 338, /'"(X)= 120X 3 -144X, 
/*"(X) = 360X 2 — 144, /*(X)=720X, /*"(*)=720. 


We notice that all the derived functions arc positive when 

X>2. 


We try the effect of the substitution X = 3 in /(X) as 
follows :— 


3 


1 +0-6 + 04-169+ 0-1764 

+ 3+9 + 9 4- 27 + 588+1764 
14-3 + 3 + 9+ 196+ 588 4-0 


Thus/(X) vanishes when X = 3, i.e. one root of /(X) = 0 is 3. 


For this value of X, we have 

p+v = 6, p—v=14, pv=— 40. 

Hence p=10, v= — 4. 

The roots of the given biquadratic are now obtained by 
solving the quadratic equations 

x 2 +3x+10=0 and x 2 -3x- 4 = 0. 
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The first gives the roots : — 

* 

and the second gives the roots : — 1 and 4. 

EXERCISES XL 


Solve the following equations by the methods of Euler and 
Descartes :— 

1. x 4 4-8* 3 4-9x 2 -8x-10=0. Aiis. 1,-1, -4±V& 

2 . .x 4 —2 a' 3 —12^ 2 +10x4-3=0. Ans. 1, -3, 2±V$- 

\y3. x 4 4-2x 3 —7x 2 —8x4-12=0. Ans. —3, —2, 2,1. 

4. 3x 4 —23x 3 4-35x 2 4-31x—30=0. Ans. 5, 3,-1, 2 / s . 

5. If Pz—P\Pn show that the equation 

x 4 4-4p 1 x s +6p 2 x 2 4-4/? 3 x4-P4=0 

can be solved as a quadratic. 


§ 73. Ferrari’s solution of the Biquadratic. 

Let the given biquadratic be written in the form : 
x 4 +4/7.X 3 4- 6 PtX 2 4- 4 p a x 4 p 4 =0. 

Adding (ax+b ) 2 to the two sides, we get 
x 4 4 4/vc 3 +( 6 p a 4 - a 2 )* 2 H-(4p 3 -+- 2 ab)x 4 (p 4 + b z ) =(ax 4 - b)\ 

Let us determine a and b in such a way that the left hand 
side of this equation may be a perfect square. 

Assume that the expression on the left=(x 2 4 - 2 / 7 1 x 4 -?) 2 . 

Equating coefficients, we get 

6p i +a 2 —4p 1 *+2q, 

4p z +2ab=4p x q t 
and p i +b 2 =q 2 

Eliminating a and b between these equations, we have 
{2q+4p 2 -6p 2 ){q- -p 4 )= 4{p ^-p a ) 2 , 
or q 3 -3p 2 q 2 4- (4 p x p z -p 4 )q- (4 p*p A 4 - 2 pj - 3p 2 p A ) =0. (B) 

This is a cubic in q and gives at least one real value for q. 
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Equations (A) then give the values of a and b. 

The roots of the biquadratic are now obtained by solving 
the two quadratic equations 

x 2 +2p 1 x+q=±(ax+b). 

N.B.—Let a, p be the roots of the quadratic 

x 2 +(2/v — a)x + (<7 — b )= 0, 

and y, 8 those of the quadratic 

x 2 + (2/V4- a)x- -I- {q -f b) = 0. 


Then since a.$ = q—b and y8 = q+b t 


one value of q is 


«P4-yS 

2 


Therefore, the three roots of (B) are 

ap + yS Py + a§ ya+pS 

2 * 2 ’ 2 

Example. Solve : x 4 -j-2x 3 —7x 2 —8x-f 12=0. 

Add (ax+h) 2 to both sides of the equation and assume 
that x 4 +2x 3 + (a 2 -7)x 2 + (2a^-8)x + 6 2 + 12=(x 2 -bx4-9) 2 . 

Equating coefficients, we have 

a 2 =2q + S, ab=q+4, b~=q 2 -\2. 

Eliminating a and b from these equations, we get 

(< 7 + 4) 2 = ( 2<7 + 8 )(< 7 2 — 12), 
whence q= — 4, 4 or — 3 l / 2 . 

Taking <7=4, we have a= 4, b=2. 

Hence the given equation can be put in the form : 

(x 2 +x + 4) 2 = (4x+2) 2 . 

The roots of the biquadratic are now found by solving 
the two equations x 2 —3x-f 2=0 and x 2 +5x+6=0. 

Therefore the roots are 1,2. —3, —2. 



146 


THEORY OF EQUATIONS 


§ 74. General Solution of the Biquadratic*. 

The following solution gives the reducing cubic directly 
and would be found to be simpler than the other solutions given 
already. 

The general biquadratic is of the form : 
x 4 + 2ax* + bx 2 +2cx-1- d= 0, 

or x 4 +2ax 3 = — {bx 1 -\-2cx- i r d). (0 

Now, for all values of y, we have 

{x 2 -\-ax-\-y) 2 =xt-\-lax? +(fl 2 +2y)x® -f 2ayx-\-y 2 . («) 
Hence, making use of (i), we get 

{x 2 +ax+y) 2 ={a 2 +2y-b)x 2 +2{ay-c)x+y l -d. (i iii) 

The right hand side of {iii) will be a perfect square if y 
satisfies the relation: 

{ay—c) 2 ={y 2 —d){2y-\-a 2 —b). 0‘v) 

This is a cubic and gives at least one real value for y . 

Substituting this value of y in {iii), the two sides of {iii) 
become perfect squares and the equation is readily solved. 

Ex. Solve : x 4 — 10x s +44x 2 — 104x+96=0. 

Here, we have x 4 —10x 3 =—44x 2 +104x—96. (0 

For all values of y, 

{x 2 -5x+y) t =x i -\0x*+{2y+25)x 2 -\0xy+y 2 . («) 

Making use of (/), this becomes 

(x 2 -5x-F - y) 2 =(2y-19)x 2 -2(5^-52)x-l->; 2 -96. {iii) 

The right hand side of {iii) will be a perfect square if 

{5y—52) 2 ={2y—\9){y l —96 ); 
i.e. if y*-22y 2 +164^-440=0. 

One root of this equation is easily seen to be 10. 
Substituting 10 for y in {iii), we now have 

(x 2 —5x-f 10) 2 =(x+2) 2 . 


* Hansraj Gupta, Math. Student, Vol. 13, 1945, p. 31. 
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Solving the two quadratics 

x 2 -5x+10=±(*+2), 
■we get x=2, 4, 2±2iy/2. 


EXERCISES XLI 


Solve the following equations by each of the two methods 
•discussed above :— 

1. ^ + 8x 3 +9x 2 -8x-10=0. Ans. 1, -1, -4±\/6. 

2. x 4 —10x 2 —20x—16=0. Ans. 4, -2, —1 ±i. 

3. x 4 -2x 3 -12x 2 +10x+3=0. Ans. 1, -3, 2±y/5. 

4. x 4 —3x 2 —42x—40=0. Ans. 4, -1, ~ 3 ^^ 31 

5. Solve the equation 

x a -18x*+16x 3 +28x 2 -32x+8=0, 
one root being \/6— 2. Ans. dzV^— 2, ±\/2, 2±\/2. 


§ 75. Solution of Binomial Equations. 

The general binomial equation is of the form : 

x n =a-\-ib , 

-where a and b are real numbers. 


Let a=r cos 0, b=r sin 0, so that r=y/a*+b* 
and 0 is given by the two equations 


sin 0= — 


V° 2 +b 2 


cos 0= 


a 

Va*+b*' 


Then x n =r(cos 0+/ sin 0) 

= r[cos(0-f 2m7r)-J-/ sin (0+2mw)] t 
m being any integer. 


TT n/ r 0+2™* . . 0 + 2 mwi 

Hence x=!yr I cos- 4- / sin - I 

^ L n n J 

where £/r stands for the arithmetical nth root of r ; r being a 
positive quantity in the above assumptions, £/r always exists. 
Giving to m any n consecutive integral values, we obtain the n 
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values of x, and no more because the n values recur in periods. 
These are called the n th roots of a+ib. 

§ 76. The nth Roots of Unity. 

Consider the equation x n =l. 

Let l=rcos0 and 0=r sin 0, so that 
and O is given by the equations cos 0—1, sin u-u. 

Hence 0=0. 

The given equation can be written as 

x n =(cos 2 mn+i sin 2 rmr) 

where m is any integer. 

2 rmr . . 2 tmz __ n , 7 n — \ 
Therefore, x=cos ——b* sin —» w—0, 1. A...,n i. 

These are all the nth roots of unity. 

Note.—Roots of the equation x n =l which do not belong 
to any equation of similar form and lower degree are called 
special roots or primitive roots of that equation, or special nth 
roots of unity. 

§ 77. To consider the equation x n = — 1. 

Let —\=r cos 0 and O=rsin0, 
so that r=l, and 0 is given by the equations 

cos0= —1, sin 0=0. 

Hence 0=7r, and the given equation becomes 
x"=cos (2m+l)TT-M sin {2ni+\)-rr 
where m is any integer. 

2m+] , . . 2m+1 

Therefore, x=cos —-—tt-L* sin - re. 


If n is odd, one root of x n = — 1 is 


this being obtained when m= 


n—1 

2 * 



§78. The Binomial equations x n ±l = 0 are only 
particular cases of reciprocal equations discussed in an earlier 
chapter. 
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When n is even, the equation x n + l=0 can be depressed 
to an equation of the -^-th degree and x n — 1=0 to an equation 

of the ( l)th degree. 


When n is odd, the equation x n + l=0 can be depressed to 
an equation of the th degree and x n — 1=0 also to an 

^_J 

equation of the —-—th degree. 


= u. 


Example. Consider the equation x 7 +1 

The roots of this equation are all included in the expression 

2m+ \ . . . 2m -f -1 _~ i ^ o 

—^— 7c i sin y tn —Uj 1, 2* o. 


cos 


To reduce the equation to the standard form, we first 
divide both sides by (x+ 1 ), —1 being a root of x 7 -fl =0 cor¬ 
responding to the value m=3. 

We thus have the equation 

x 6 — x b +x*— x 3 +x 2 —x+l= 0 . (0 

The roots of this equation are 


2m4-\ , . . 2 m-fl . . _ . c , 

cos —Tr+t sin —^— 7 r, m=0, 1, 2, 4, 5, 6. 


Dividing by x 3 and grouping terms equidistant from the 
beginning and the end, (/) becomes 

Let x-\- —=u, so that 

PC 




=u 3 —3u. 
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(COS 


i.e. 


The equation (//) then becomes 

w 3 —« 2 —2w+l=0. 
The roots of (///) are 
2//1+1 , . 2/W4-1 


. . . 2/714-1 v . , 2/7i4l . . . 2 /ti-I-I 4 » 

sin — -rj — 7t)4-(cos —^— 7T-{-J sin—^—ir)- 1 


_ 2/71+1 _ , _ 

2 COS -^- 7C, /77 — 0, 1, 2. 


EXERCISES XLII 


Solve the following equations:— 

1. * 5 =1. 

2. x 8 —l. 

3. x*=l. 

4. + } =14/. 

5. x 2 =3+4/. 

Reduce the following Binomial Equations :— 

6. x 3 —1=0. 

7. *«+l=0. 

8. **+1=0. 

9. x 5 —1=0. 


PAPERS 

Delhi University B.A. Honours Examination 

1948 

1. (i) A root a of the equation 3x 3 —10x 2 +7x-f 10=0 
is connected with a root a of the equation x 3 —x 2 
— 17x-f65=0 by the relation aa'+a'-a + l=0. Using 
this fact, solve the two given equations completely. 

(/i) If ol u <x 2 .a n are the roots of the equation 

x n +nax— 6 = 0 , show that 
( 04 — a 2 ) ( 04 — 03 ).(a 1 -a n ) = n(o l r, - 1 +a). 

2. Show that if p and q (p¥=q) be the roots of the equation 
(a 0 z+a x ) (o 2 z+o 3 ) = (a 1 z+a 2 ) 2 , then the cubic equation a^z 3 -\- 
3a,z 2 + 3 ^ 22 - 1 - 03=0 can be reduced to the form 

A(z—/>) 3 +B(z-< 7 ) 3 = 0 . 

Hence or otherwise solve the equation 

46z 3 +72z 2 +18z-ll=0. 

3. Show how to solve a biquadratic equation by resolving 
it into two quadratic factors. 

Solve the equation x*-{- 12x4-3 = 0 

4. (/) Find the sum of the fifth powers of the roots of the 

equation x 4 —7x 2 +4x—3=0. 

(//) Calculate 2 04 2 C 4 2 for the general equation 

X n +P l X n - 1 +p t X T '- 2 + . +Pn-iX+p n = 0. 

5. State and prove Sturm's Theorem on the separation 
of the roots of an equation. 

Find the number and situation of the real roots of the 
equation x?— 3x4-1 = 0 . 

6 . (i) Apply Newton’s Method of Divisors to find the 

integral roots of 3X 4 —23x 3 +35x 2 +31x—30=0. 

( 1 /) Find the positive root of the equation x 3 \-x 2 -\-x 
— 100=0 correct to four decimal places. 
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1949 

1. (0 The sum of two roots of the equation x 4 —19x* 

+4Xx4-2=0 is equal to the sum of the other two. 
Find X and solve the equation. 

(//) Find the multiple roots of the equation 
x^ 12X 3 4-32x 2 —24*4-4=0. 

2. Obtain the roots of the cubic flx 3 4-3hx 2 4-3c*4-*/=0. 

If the cubic * 3 4-3H*4-G=0 has roots a, p, Y, show that 
the cubic * 3 4-9H* 2 -27(G 2 4-4H 3 )=0 has roots. 

(a—P)(a y), <p-y)(P-a), (Y-a)( y -p). 

3. (/) Prove that the expression 

w=z 4 4-6Hz 2 4-4Gz4-a 2 I-3H 2 
. can be written as the product of the two factors 

z=+ 3 H+ 2 * 2 ±( 2 kz -*?-) 

provided that & 2 4-H is a root of the equation 

40 3 -a 2 I04-a 3 J=O, 
where G 2 4-4H 3 =fl 2 (HI-aJ). 

(//) Show that the roots of the biquadratic ax*-\-4bx ?-p 
4dx+e=0 have only two distinct values if 

aP _3W _ 

b-e ~ bd—ae ~~ *** * 
and distinguish between the two cases. 

4. (/) If a,p,Y are the roots of the equation x?+px+q=0, 

prove that 

_ a 3 +p 3 +y3 ^ a 2 4-p 2 4-y 2 

5 3 2 

(») Apply Sturm’s Theorem to the analysis of the 
equation * 4 —4* 3 4-7x 2 — 6 x—4=0. 

5. (/) Find by Homer's Method the positive root of the 

equation 16x 3 —20x 2 —50*—375=0. 

(ii) Solve 2X 3 —31* 2 4-112*4-64=0, given that all the 
roots are commensurable. 
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1950 

1. Calculate Sturm's remainders for the biquadratic 

z 4 + 6 Hz 2 +4Gz +aH - 3H 2 =0 

and discuss the nature of the roots of that equation with the 
help of those remainders. 

2. Solve completely the equation 

2 x 4 +x 3 — 2 x 2 —4x—3 = 0 , 
given that two of its roots are commensurable. 

Find to four decimal places the negative root of the 
equation 

x°-x 2 +12x+24=0. 

3. If a(ax 4 +46x 3 +6cx 2 +4</x+e)=(ax 2 +2/?x+r) 

/ (ax^+lqx+s) 

and r+s= 2 (c— 20 ), find the cubic equation giving 0 . 

Solve 2x 4 +6x 3 —3x 2 +2=0. 

4. Given that 

x+y+z=3 t 

x 2 +y*+z 2 =5, 

x*+y 3 +z*= 7, 
find the value of x*-\-y* +z 4 . 

If a, (3, yand 8 be the roots of the equation x 1 —x + l=0, 
form the equation whose roots are 

a(l+a 2 ), (3(1 + (3 2 ), y(l+y 2 ) and 8(1+8 a ). 

5. Find the condition that the roots of the equation 

x*+3px 2 +3$x+r=0 

may be in (/) A. P., (//) G. P., (iii) H. P. Solve the equation in 
case (ii). 

If x+a r y-\-a r 2 z+a r 3 t=a r 4 (r= 1, 2, 3, 4), find x, y , z and /. 

1951 

1 . (a) If all the roots of the equation 

x n +p l x n ~ 1 + .+/>„= 0 
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are real and negative, show that 

(b) The coefficients in the equation 

a Q y n +a l y n ~ 1 + . +a n =0 

are connected by the relation 


a, 


a- 


n+1 + 11 


+. + y = 0 , 


show that it has at least one root between 0 and 1. 

2. Prove Sturm’ theorem on the separation of the real 
roots of an equation whose roots are unequal. 

Prove that the equation, 

x 5 —x-f-16=0 

has two pairs of complex roots. 

3. (a) Find the value of the symmetric function 

v «l 2 +a 2 2 


a l a 3 


of the roots of the equation 

X n +p l X n - 1 + . +p n =0. 

( b) The distances of three points A, B, C on a right line 
from a fixed origin 0 on the line are the roots of the 
equation 

ax 3 -\-3bx 2 +3cx~\-d= 0; 

find the condition that one of the points A, B, C 
should bisect the distance between the other two. 

4. Give any metood of solving the biquadratic equation 

ax 1 + 4bx?+6 cx 3 4dx -f e =0, 
and apply it to find the roots of 

x 4 —5x 2 — 6x— 5=0. 

5 . (a) If / (x) be a rational integral algebraic function of 

x, and a, (3, y,.be the roots of/ (x)=0, prove that 

/'(x) 1.1.1 

/(*) 


x—a 


+ 


x-(3 x-y 
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Hence find the sum of the fourth powers of the roots 
of the equation 

X s +px* + qx 2 + t = 0 . 

(b) If/(x) be a rational integral algebraic function of x 
and the roots of/(x) = 0 be all real, prove that the 
roots of 

/(*)• /'(*)-{/W=0 

are all imaginary. 

1952 

1. (a) Find the relation connecting p, q , r in order that 
the cubic 

x?—px 2 +qx—r= 0 

should have its roots in harmonic progression. 

( 6 ) If the roots (a, p, y, 8 ) of the equation 

ax* + 4bx* -f- 6cx 2 -f- Adx + e =0 

be so related that a— 8 , p— 8, y—S are in harmonic 
progression, prove that 

ace +2 bed—ad 2 —b 2 e—c 3 4 = 0 . 

2. ( a) Explain any method of solving the cubic equation 

x*+px+q= 0. 

(b) Show in any way you please that 

x 3 +x 2 -2x-\=0 

has three real roots, and determine the value of the 
greatest root to three decimal places. 

3. State and prove a method for obtaining the sum of 
the nth powers of the roots of a given equation. 

If a, p, y,.are the roots of an equation, and if S r 

denotes 2 <x r , prove that 

Za 3 p 2 Y = S^Sa - S&- S s S 4 + 2S fl - S 3 2 . 

4. (a) If all the coefficients in the equation 

X n +PiX n ~ l +p z X n ~ 2 +.+p n = 0 

be whole numbers, prove that the equation cannot 
have a fractional root. 
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( 6 ) If the roots of the equation x n — 1=0 are 1, a, (3, y . 

show that 

(l-a)(l-P)(l- Y ).=„. 

5. (a) If the equation whose roots are the squares of the 
roots of the cubic 

x 3 — ox*-\-bx —1—0 

is identical with the cubic, prove that either a=b= 0 , 
or a=b= 3, or a , b are the roots of y~+y+2=0. 

(b) Find the number and situation of the real roots of 

x 6 — 2x 2 43x—4=0. 

1953 

1. (a) Increase by 7 the roots of the equation 

3x 4 -f-7x 3 -15x 2 +Ar-2=0, 
and get the resulting equation. 

( b ) Solve the equation 

* 3 43* 2 44*-10=0 
by removing the second term. 

2. Compute H and G for the cubic 

x*46x*+12x—19=0 
and H, G, I, J for the quartic 

2x*+16X 3 —2* 2 4 x—12=0, 
where H, G, I and J have their usual meanings. 
Discuss also the nature of the roots of the above quartic. 

3. Define the order and weight of a symmetric fun ction, 
and explain their use in calculating the value of a symmetric 
function of the roots of an algebraic equation in terms of 
the coefficients. 

Calculate the value of Da^ccfOg 2 , where 04 , 0 ^... a 6 
are the fifth roots of— 1 . 

4. State and prove Sturm's theorem for the case of unequal 
roots. 

Determine the integer nearest to each of the roots of 
x s -5x 4 49x 3 —9x 2 45x—1=0. 
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5. Prove that if a be any root of 

x 3 —6x 2 +ll*-6=0. 

so is (3=(7a—13)/(3a— 5) ; and that a homographic relation 
of similar properties exists in the case of every cubic equation. 

1954 

1. (a) Find the value of the symmetric function 

1 g » 2 + g 2 2 
a l a 2 

of the roots of the equation 
X n -\-p l X n - 1 +P z X'-‘ i -\- . +Pn- X X+Pn = 0. 

(b) The distances of three points A, B, C on a straight line 
from a fixed origin O on the line are the roots ot the 

equation 

ax 3 4-3kc 2 +3cx+</=0; 

find the condition that one of the points A,B, C should 
bisect the distance between the other two. 

2. State and prove Sturm’s theorem for locating the real 
roots of an algebraic equation, no two of the roots being equal. 

Locate the real roots of 

x*_8x 3 +25x 2 -36x+8=0. 

3 Obtain Newton’s formulae to determine the sum of 
the kih powers of the roots of an equation of the nth degree. 

Hence express 2a 2 (3 2 y in terms of the coefficients of the 
general equation of the nth degree, where <*, p, y, .are 

its roots. 

4. Discuss briefly, indicating the necessary conditions, 
the cases in which a biquadratic equation 

x*+px*+qx 2 -\-rx+s=0 

is soluble by means of square roots only. 

Solve in any way 

x 4 +2x 3 +3x 2 +4x+4. 
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5. Explain Newton’s method of approximating to the 
numerical value of any real root of an algebraic equation. 

The equation 

x 4 - 3x 2 +75x -10000=0 

has a root between 9 and 10. Prove this and find its value 
to four significant figures. 

Pan jab University B.A. Papers 

1948 

1. ( a ) Diminish the roots of the equation 

2x 5 -x 3 +10x-8=0 

by 5 

(b) Transform the equation 

x*+Zx*+x-5=0 

into one in which the second terms is wanting. 

2. Give any method of solving the biquadratic equation 

ax* +4bx®+6cx a -p' Adx + e=0 

and apply it to find the roots of 

x 4 —5x 2 — 6x— 5=0. 

3. Calculate to four decimal places that root of the 
equation 

x 4 —7x 2 +18x—8=0 
which lies between 0 and 1. 

4. If/(x) be a rational integral algebraic function of 

x, and a, p, y,.be the roots of/(x)=0, prove that 

/(x) x-ct + (x-pr (x-yr. 

Hence find the sum of the fourth powers of the roots of the 
equation 

x 5 ■ +px* + qx 2 -\-1 =0. 

1949 

1. If a, p, y be the roots of the cubic 

x 3 +px 2 +<7x+r=0 
find the value of the symmetric functions 

(0 (P+Y)(Y+a)(a-f P) and 
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(//) a <+(* 4 +Y 4 - 

2. (a) Give an account of Cardan’s method of solution 

of the cubic 

x 3 +px 2 -\-qx+r=0. 


( b) Solve the equation 

x»+x 2 -16x+20=0. 

3. Find the values of the two roots of 

3x 4 -61x 3 +127x 2 +220x-520 = 0 
which lie between 2 and 3 correct to five decimal places. 

1950. 


1. (a) Diminish the roots of the equation 

2x*—x 3 + lOx—8 = 0 

by 5 

( b) Transform the equation 

x 4 4-8x 3 -fx —5=0 

into one in which the second term is wanting. 

2. (a) Prove that the equation /(x)=0, where /(x) is 

a polynomial of degree n has n roods. 

( b) State Descarte’s’ Rule of Signs regarding the nature 
of the roots of an equation /(x)=0 with real co¬ 
efficients. Apply it to discuss the nature of the 
roots of 

x 4 + 15x 2 +7x-ll=0 

3. Find the condition that the cubic equation may have 

ox 3 +6x 2 -f cx+</= 0 

three real roots. 

Show that the equation 

x 3 +x 2 —2x—1 = 0 has all its roots real. 
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4. Locate the real roots of the equation 

x*-7x 2 +18x-8=0 

and calculate the root which lies between 0 and 1 correct to 
four decimal places. 

1951 

1. (a) Establish the relations between the roots and 
coefficients of a general equation of the mh degree. 

{b) Find the condition that the roots of the cubic 

x*—px?+gx—r=0 

may be in harmonical progression, • 

2. (a) Explain Descartes’ method of solving the biquadratic 
equation, 

&+p&+rx+s=0 
(b) Solve the equation, 

x 4 +12x—5=0. 

3. (a) Prove that for an equation, all of whose coefficients 
are integers, the coefficient of the highest power of 
the variable being unity, an integral root is a divisor 
of the constant term. 

Hence develop the proof of Newton s Method of 
Divisors for finding the integral roots of a given 
equation with integral coefficients. 

(6) Find the commnsurable roots of 

x*-29x*-3\x*+3\x*-32x+60=0. 

4. (fl) If a, p, y be the roots of the cubic 

ax*+3bx 2 +3cx+d= 0 
prove that the equation in y whose roots are 

pY~a 2 Y a —P 2 . Y 8 

P+Y—2a ’ Y+ a -2f* * a+2p-Y 

is obtained by the transformation a xy+b(x+y)-\-c=0. 
Hence form the equation with the above roots. 
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1952 


1. (a) Correct the mistakes (if any) in the following 

statements. For a correct statement write ‘C only. 

(i) An equation /(x) = 0 in which the coefficient of the first 
term is unity and the coefficients of the other terms rational 
numbers, cannot have a commensurable root which is not a 
whole number. 

(//) Incommensurable roots can be of the following three 
types only. 

1 . Roots involving V “ 1 

2. Roots expressible as interminable decimal fractions. 

3. Roots expressible as recuring decimal fractions. 

(Hi) If n be the degree of f(x) and y and y the number of 
changes of sign in f(x) and /(-x) respectively, then if y + y 
the equation/(x )=0 has exactly n— ((x+(a') imaginary roots. 

(iv) If two numbers a and b substituted for x in polynomi¬ 
al /(x), give results with the same sign, no real root lies between 
them. 

(v) There can be polynomials having the following factors 

only. 

1 . (x—3)(x—5)(x—7) 2 . _ 

2. (x+ N /'^5-3)(x-y-5 + 3). 

3. (x+7-5/) 2 (x+7 + 5i). 

(b) Find, in terms of the coefficients of the quartic equation 
a 0 x* +^x 3 + 6 a 3 x 2 -1- 4a 3 xa 4 =0 
the value of the following symmetric function 

(p-Y) 2 (« - 8) 2 + (Y-a) 2 (^-8) 2 +(a-/?) 2 (Y-S)-, 

where a, (J, y» 5 are the roots. 


2. (a). Explain Cardan’s method of solving 
equation 


x*-\-qx-\-r=0 
( b) Solve the equation, 

x 3 —!5x 2 — 33x+847=0 


the cubic 
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3. Find to four decimal places the root of the equation 

x 4 +4x 3 -4x 2 -llx+4=0 
which lies between 1 and 2. 

4 . Find the condition that the roots a, p, Y» 8 of 

should be connected by the relation «/S=Y*- 

Hence or otherwise find the cubic whose roots are 
PY—a8 Y«—P& a.p—'fS 

'f+ "y-a-S’ Y+«—P—*• a+/*-T- 8 ’ 

1953 

1 . ( fl ) Explain Cardan’s method of solving the cubic 

x*+qx-\-r=Q. 

lb) Prove that roots of 

x 3 —3x+l=0 



2. (a) The roots of the cubic 

x 3 +^x+r=0 

are a, p, Y . Form the equation whose roots are 

P a +PY+Y*» Y*+Y«+ a2 * a 2 +«P+P 2 * 

(6) Find the value of 

P*+Y* , Y a + aa , « 2 +fi 8 

PY + Y tt a P 

where a, p, Y are the roots of the cubic 

x*+px*+qx+r= 0. 

3. (a) Show that all the roots of the equation 

X° + Pi*"" 1 +P 2 * n " 2 +.+P«-1* +Pn= 0 

can be obtained when they are in arithmetical progression. 

(ft) Solve the equation 

x 4 +15x 8 4'70x*-b 120x4-64=0 


where roots are in geometric progression. 

4. Find correctly to five decimal places the cube root of 
25 by Horner’s process. 
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1954 

I. (a) Prove that in an equation with real co-efficients, 
imaginary roots occur in pairs. 

( b) Show that the equation 

A 2 B 2 C 2 H 2 


x b~^~ x —c + 




x—h 




has all real roots. 

II. (a) Find the condition that the roots of 

x*+px-+qx+r=0 
may be in harmonical progression. 

(b) Solve 6 x 3 -l lx 2 —3x+2=0, given that its roots are 
in harmonical progression. 

III. (a) Explain Descarte’s method of solving the general 
biquadratic equation. 

( b) Solve the equation 

x 4 -2x 2 +8x-3=0. 

VI. Calculate by Horner’s method the root lying between f 
and 2, of the equation x 3 —7x+7=0, correct to four places oi 

decimal. 



MISCELLANEOUS QUESTIONS 

1. In the equation x 2 —x—2=ex 3 the quantity e is small; 

show that—l+ie— 2 V 2 is an approximation to a root, and 
determine the corresponding approximation to the root which 
is near 2. Write down an approximation to the third and large 
root. [M.T. 1908 ] 

2. State the relations which exist between the roots and 

co-efficients of an equation and deduce that, if a be a real root 
of the cubic x*+/«*+gx+r=0 of which the coefficients are 
real, then the other two roots are real if p 2 —4q—2pa—3a z is 
positive or zero. [M.T. 1909 ] 

3. Explain how the solution of the general biquadratic 
equation may be made to depend upon that of the auxiliary 
cubic 40 3 —10+J=0, and state the relation between the values 
of <P and the roots of the biquadratic. 

Show that the roots of the biquadratic ax 4 +46x 3 +4*/x+c 
=0 have only two distinct values if ad i lb8e=3bdl(bd—ae)=^z\, 
and distinguish between the two cases. [ALT’. 1909 ] 

4. An approximate value of a root of a numerical algeb¬ 
raic equation being given, indicate in general terms, how to 
obtain a closer approximation. Show that the equation 
x j_^2_i_ x 3^_ x 4 == 5 i s satisfied, approximately, by x= 1*0913. 

[M.T. 1911 ] 

5. Prove that between every pair of consecutive real 
roots of the integral algebraic equation /(x)=0 there is an 
odd number of real roots of the derived equation /'(x)=0, and 
hence deduce the condition that the equation /(x)=0 may have 
equal roots. 

Show that the equation 3x 3 +5x 8 +3x+A=0 has two ima¬ 
ginary roots, whatever be the value of k. [M.T. 1912 ] 

6. Show how to find the condition that a rational integral 
algebraic equation may have equal roots. 

Find the values of a for which the equation ax 3 —9x 2 +12x 
—5=0 has equal roots, and solve the equation in one case. 

[M.T. 1913 ] 
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7. If /(x) be a polynomial in x , show that between con¬ 
secutive real roots of the derived equation /'(x) =0 there occurs 
either one root or no root of/(x) = 0, 

Find the range of values of k for which the equation 
x4—\4x 2 +24x—k=0 has all its roots real. [M.T. 1915] 

8. Show that the squares of the roots of the equation 
a Q x n — fliX" -1 + a. z x n ~ 2 — a 3 x u ~*-\-... + (— 1 ) n a n =0, are the roots of 

the equation b 0 x n — b 1 x n ~ 1 + b 2 x n ~ 2 — b 3 x n 3 +.-f-(—l) n Z?„—0, 

where b 0 =a 0 2 , b x =a*—2a 0 a 2t b 2 =a 2 i —2a l a 3 -\-2a Q a i . 

b r = a r 2 — '2a r —\Qr+i~\-2(lr—2Qr+o 2XJ r — 3flr+3"F. 

The equation whose roots are the squares of the roots of 
the cubic, x*—ax 2 +bx—1 =0, is found to be identical with 
this cubic. Prove that either (/) a=b= 0, (//) a=b= 3, or {Hi) 
a and b are the roots of z 2 -\-z-\- 2=0. [M.T. 1919] 

9. If ni lt m 2 be the roots of the quadratic 

{x+p){qx+r)-(px+q) 2 =0 * 

show that the cubic equation x 3 +3px 2 -\-3qx-\-r=0 can be 
reduced to the form {m 2 -\-p){x—m l ) :i —{m l -\-p){x—m 2 ) 2 =0 t and 
thence shew how to solve the cubic. 

Examine the case in which m 1 =m 2 ; solving the cubic in 
that case, [M.T. 1916] 

10. Prove that, if a, p are two roots of the equation 

j C 4 -f/7x 3 q- 9 x 2 +rx+J=0, the other two roots will be equal if 
3(a 2 + p 2 )4-2ap + 2p(a + p) + 4 9 -p 2 =0. [M.T. 1919] 

11. Prove that the multiple roots of the equation 

f{x)=a 0 x n -\-a i x n - 1 -\-a 2 x n - 2 + .+ o n =0, 

are all the common roots of/(x)=0,/'(x) —0. 

If the a's are integers, and there is only one multiple root, 
show that this root must be real and rational, whatever its 
degree of multiplicity. 

Determine by inspection of the equations 

/(*)=0,/'(x) = 0,. 

the multiple roots of x 6 —x 4 —4x 2 -f-7x—3 = 0. [M.T. 1920] 

12. Prove that, if a is an approximation to a root of an 
equation/(x)=0, then a—f{a) If {a) is in general a closer ap¬ 
proximation. 
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By applying this formula twice, or otherwise, .find to 

three places of decimals the root near 2 of 12x-f7=0. 

[M.T. 1921 j 

13. Establish Newton’s formulae connecting the sums of 

powers of the roots of an algebraic equation x n +p l x n - 1 + .. 

-\-p n =0 with the co-efficients. 

Prove that if y=x 2 (P4-Y), where a, £, y are the roots of 

jc 3 +^.V'hr= 0 , then y i —3ry 2 +{q z +3r*)y—r i =0. [M.T. 1922] 

14. Given an algebraic equation .x n +p 1 x n_ 1 +...-FA»=*9» 
writedown equations whose roots are, ( 1 ) the roots of this 
equation diminished by o, ( 2 ) the roots of the original equation 
multiplied by b. 

Find by Horner’s method, to three significant figures, the 
root between 2 and 3 of 30*+18=0. [M.T. 1925] 

15. The equation jc 5 -8x 4 +22x 3 -26x*+21x-18=0 has 

a repeated root, and another root that is rational. Solve the 
equation completely. [M.T . 1925 } 

16. State and prove Sturm's theorem as to the number 
and position of the real roots of an algebraical equation 

/=a 0 x n +.+a„= 0 , which may be assumed to have no 

repeated roots. 

Shew that, if all the real roots of f r =0 (/ r one <)f Sturm’s 
functions) are known, it is possible by applying Sturm’s process 
to the functions/,/^../r (without calculating/ r+1 .. ) to find (I) 
the number of real roots of /= 0 in the interior of the interval 
between two consecutive roots of/ r = 0 , ( 2 ) the number of real 
roots greater than the greatest root of f r — 0, and (3) the number 
of real roots less than the least root of f r = 0 , and hence to 
determine the number of real roots of/= 0 . 

Hence or otherwise find the number of real roots of 
x 5 -10x 4 +36;c , -72.x 2 +80x-32=0 
and the greatest integer in each. [M.T. 1925 J 

17. If a, (3 are the roots of the equation x 2 —2px+q=0 
form the equation whose roots are a+-i-,p+-^-. 

Given that two of the roots of 45.x 4 —54x 3 —98;c 2 +150.x 
— 75=0 are equal in absolute value but opposed in sign, com¬ 
plete the solution of the equation. [M.T. 1926 ] 
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18. Find the equation whose roots are the squares of the 

roots of x 9 -\-bx*+cx+d= 0 , and find the conditions that the 
squares of the roots of the given equation shall be in arithmetic 
progression. [M.T. 1927] 

19. Establish a method for expressing the sum of the qXh 
powers of the roots of 

x n -\-p x x n ~ .+/>„=0 in terms of p lt p«..p n 

(q is a positive or negative integer) 

Find the equation whose roots are 

l' 1 1 , J. 1 ,_L 

F + Y 2 ’ Y 2 + a * * 

where a, p and y are the roots of 3*®—x-H=0. [A/. 7*. 1927 ] 

20. Shew that every rational integral symmetric function 
of the roots of an algebraic equation can be expressed in one and 
only one way as a rational integral function of the coefficients. 

In an equation x n +aX n - l +bx n ~ 2 + ...+k=0 all the coeffi¬ 
cients except a are fixed. How many values of a will, in general, 
cause the equation to have equal roots ? [M.l. 1927] 

21. Explain and justify Horner’s method of numerical 
approximation to the real roots of an algebraic equation. 

Find to four places of decimals the real roots of 

x 3 +x+ i = o. [M.T. 1928] 


a polynomial of degree n, show that its 
/(x) . /(x) , , /(x) 


4- 


22. If /(x) is 
derived function/'(x) is 

where a lf ...,a n are the roots of/(x) = 0, which may or may not be 
distinct but may be assumed to be all real. Use this identity to 


x—a 


prove 

(1) That between every pair of distinct consecutive roots 
of /(x)=0 there lies one and only one root of/'(x) = 0. 

(2) Any root which occurs m times in/(x)=0 occurs (m—r) 
times in / <r) (x) = 0. 

Find the multiple roots of x 4 —2x*— 1 lx*+ 12x+36=0. 

[M.T. 192S ] 
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23. If all the roots of the equation x n +p 1 **“ 1 +—+Pn — 0 
are rational and negative, show that 

«(?)•>*.»"" 


[M.T. 1929] 

24. Establish a method of solving algebraically the general 

equation of the fourth degree. , 

Discuss the reality of the roots of 

\&+2A#+\6kx+9=0 

for all real values of A:, and solve the equation when V 2^ 

25. State without proof Sturm’s method of determining 
the positions of the real roots of an equation /(*)= 0 . 

It may be assumed that all the roots are unequal. 

Prove that x‘-18r'+<Wx+9=0 has four real roots if 

1728. [M.T. 1930] 

26. If fix) is a polynomial with real coefficients for which 
the real roots of the equation f'{x)=0 are all known, shew 
how to determine the number of real roots of the equation 

/(x)=0. 

Discuss the reality of the roots of the equation 

x 4 +4x 3 -2* 2 -12*+a=0 

for all real values of a. [M.T. 1930] 

27. Shew that if p and q {p^q) be the roots of the equa¬ 
tion {af+aMaf+aJ-iaf+ttf, then the cubic equation 
a z 3 + 3 ai 2 2 4 - 3 a 2 r—a 3 =0 can be reduced to the form 

0 “ A(r—p) 8 -fB(r—<7) 3 =0. 

Solve the equation 46z 3 4-72z 2 -bl8z—11— 0. [M.T. 1930] 

28. The roots of the equation 16* 4 -64* 3 +56x 2 -Fl6x-- 
15=0 are known to be in arithmetical progression J^dve^the 

equation. } * . f 

29 Find the equation whose roots are given by tne 

formulaVi=x,-* 1 ’+(*i , +* > ’+» 1 ); ('. = 1 i 2 * 3 ) where x " * 2 ’ x * 
are the roots of the equation x 3 —x-+4=U. 

Solve the equation 6*‘-3* > + 8x*-x+2=0, being given 

that it has a pair of roots whose sum is zero. [M.i. j 
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30. If otj, a 2 .a„ are the roots of the equation 

x n +nax—b=0, shew that 

(04 — a 2 )(*i—* 3 )<*n) = ”( a i n-1 + fl )* 

Form the equation whose roots are a,'* -1 , a 2 , ‘~ 1 ...a „ u_1 and 
shew that the product of the squared differences of the roots of 
the first equation is 

( _l ) 1 / a ('' J +«-2) n , 1[( „_i ) , .-i a . 1+ 6«->) [M.T. 1934 ] 

31. If the equation x 4 -4<i.v ;, + 6 x 2 -f 1 = 0 has a repeated 

t; 2 4-3 

Toot shew that 3 a= ■ - y . 

Hence or otherwise prove that there is only one positive 
a giving a repeated root, and that this value of a is 

( 4 3 ) ? . [M.T. 1936 ) 

32. Find the range of values of k for which the equation 

x 3 — 6 x 2 -b 9x +/c = 0 


has three real roots. 

Taking k — — \ evaluate the largest root of the equation 
correct to two places of decimals. {M.T. 1940). 

33. If a, b, c, (1 are the roots of the quartic equation 

x* -\-px 3 + <7* 4- r -- 0 
and S n =a "-f 6"+c n -f c/", prove that 
(0 S n ~\-pS t ,- 1 - J rqS n - i -\-rS n .. i ==0 9 
(it) S 4 =yr l +4p</ —4r (M.T. 1941) 

34. Prove that the cubic expression ax 3 -f-3cx^ 2 -f</> 3 can 
in general be expressed uniquely in the form 

(lx + myY + (l l x + m'y) 9 

Hence, or otherwise, find the real root of the equation 
a* 3 — 18x — 30=0 correct to two places of decimals. (M.T. 1942) 

35. Prove that, if X 3 = 1, one root of the equation 

a—x b c 

c a—xb j =0 
b c a—x 
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is and hence solve the equation. 

Obtain in a similar form the equation whose roots are 
the squares of the roots of this equation. {MU • 

36. Prove that the remainder when a polynomial f(x) is 

divided by (x—g) is/(a). . _ 

Prove that, when /(x) is divided by (x—a)(x—p), whe e 
<x^p, the remainder is 

(x-p)/(a)-(x-g)/(P) 
a—p 

Obtain an expression for the remainder when /(x) is 
divided by (x-«) 2 . W.T. 1943). 

37. (/) If the equations 

a\*+bx 2 +c =0 and 6x 3 +cx 2 +fl=0 

have a common root, prove that 

(a*-bc?=(&-ac)((*-ab) 2 . 

' (ii) If g, p, y are the roots of the equation 

x*+px+f=0 f 

prove that the roots of the equation 

x s -f4 px 2 + 5 p*x+2p*+q 2 =0 

are P 2 +*r 2 , Y 2 +« 2 . a 2 +P s - # (MS. 1944) 

38. If a, b, c, d are the roots of the equation 

px 4 +^x 3 +rx 2 +x +1=0, 

prove that 

1-ffl 
1 
1 
1 

39. If g, a' are the roots of the equation ax 2 +2bx+c=0 
and p, p' are the roots of the equation pf+2qy+r=0, prove 
that «p, aP', a'P, a'P' are the roots of the equation 

(ap2*-2£?z+cr) ! -4(ca-6 ! )(rp- 9 V=0. 

(Af. T. 1945) 


1 

1 +b 
1 
1 


1 


1 


1 


1+c 1 


1 


1 +d 


=0 


(M.T. 1945) 
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40. Find the range of values of the co efficient p for 
which the equation 

2x 3 +9x 2 -t- 12x-bp—0 


has three real unequal roots. 

Determine, correct to one decimal place, the real root of 
equation 

x 3 -i-12x 2 +9x4-2=0. (M.T. 1946) 


41. It is given that the sum of two roots of the equation 

x 1 - 8X 3 -M 9x 2 +2=0 

is equal to the sum of the other two. Find the value of/>, and 
all the roots of the equation. (M.T. 1948) 

42. Prove that, if £ is an approximation to a ro<5t of 
/(x) =0, then, in general, 

_v_/(Q 




no 


is a better approximation. 

If /(0 is negative and /'(x), f'(x) have constant signs 
between £ and O what must be the sign of f"(x) in that interval 
for the roots to lie between £ and O ? 

Prove that the equation 

2x*—2x=6l 

has a root between 2 and 2 00633. (M.T. 1949) 

43. Find a condition on the co-efficients in order that the 

form 

f=a 0 ^ +4a 1 x 3 +6fl 2 x 2 +4a 3 x -f 
may be expressed as 

X(x+0)*4-n(x4- 0) 1 . 

If the condition is satisfied, find a quadratic for 0, J> and 
prove that the roots of/=0 form a harmonic range. (M.1 . 1950 ) 

44. If z is a complex number and z is its complex con¬ 
jugate, prove that | z | =1 if and only if z~ x =z. 

If a t b, c arc complex numbers such that a -/-0 and ua 



172 


theory of equations 


^cc, prove that a necessary and sufficient condition that one of 
the roots of the equation 

az 2 -\-bz-\-c=0 

should have modulus 1 is that 

J b—Fc 1 = 1 aa—cc | . ( Af.T1953 ) 

45. If a, p, y are the roots of the equation 

x 3 — s x x 2 +SzX —s 3 =10, 

find a necessary and sufficient condition in terms of s l9 5 S , s s that 
two of the roots should be equal. 

Prove that, if p =Y# a » 

p=(s 1 5 2 -95 3 )/(25 1 *-6^). 


(Af.T. 1953) 




